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ABSTRACT: In this article, a general full-wave two dimensional finite difference frequency

domain (2D-FDFD) method is presented that could be used to analyze general circular

multi-layered multi-conductor guiding structures. The FDFD method is mainly used to get

the dispersion curves for these structures. The results which are obtained using the FDFD

equations come through solving an eigen-value problem, where the obtained eigen-values

and eigen-vectors are used to produce the propagation constants, distribution of the fields

and the characteristic impedances for these structures. Several examples ranging from sim-

ple coaxial lines to coupled circular microstrip lines are presented. The FDFD results

are compared with those obtained through other analytical and numerical techniques.
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I. INTRODUCTION

The analysis of one- or two-dimensional guiding struc-

tures, after transformation and mapping from three dimen-

sions, by using the finite difference frequency domain

(FDFD) method saves both time and complexity in mathe-

matical derivations. In the FDFD technique, the solution

will be for the propagation constant and the field distribu-

tion which play an important role in describing and ana-

lyzing transmission lines and waveguides. The cylindrical

guiding structures are important parts of many microwave

systems. By using the FDFD method, it will be easy to

analyze different multi-conductor multi-layered cylindrical

structures. Many researchers have solved and obtained the

full-wave solution for different types of circular structures

by using different numerical and analytical methods. For

the cylindrical microstrip lines, coupled microstrip or strip

lines, many techniques were used to solve for their char-

acteristics and parameters. The 2D finite difference time

domain (FDTD) method was used to analyze many types

of cylindrical transmission lines in [1]. Other methods

were derived mathematically [2, 3], or using FDTD [4].

Quasi-static expressions for the effective dielectric con-

stant of cylindrical microstrip line were derived in [5, 6].

In [7], spectral and variational analyses were used to ana-

lyze cylindrical stripline and microstrip lines. For the

open microstrip and coupled microstrip lines, it is more

difficult to analyze these structures as a result of the ab-

sence of the shielding conductor. Many techniques were

used to tackle this problem by using absorbing boundary

conditions (ABCs) [8–12].

Recently, the FDFD method has been used in the anal-

ysis of several rectangular transmission lines and wave-

guides. One way of using FDFD method is to solve for

the eigen-frequency given the propagation constant as an

input [13, 14]. Other compact 2D-FDFD methods, that

were developed recently, solve for the propagation con-

stant for a given operating frequency [15, 16]. In [17], a

compact 2D-FDFD method with nonuniform grid and a

perfectly matched layer was used to determine the propa-

gation constant of several rectangular guiding structures.
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Moreover, cylindrical 2D-FDFD method was used to

determine the propagation characteristics for simple circu-

lar guiding structures including thin curved layers [18]

and ridged circular waveguides [19, 20]. Solving for cir-

cular waveguides means dealing with the origin of these

structures, i.e., at (q ¼ 0), which results in a singularity

for some of the magnetic and electric fields components.

Many publications solved this singularity problem using

different techniques [1, 4, 21].

This paper presents the full-wave analysis for isotropic

lossless circular guiding structures, such as coaxial lines,

circular waveguides, microstrip lines and coupled micro-

strip lines, by using the 2D-FDFD method. Unlike [19]

which considers only the analysis of ridged circular wave-

guide, a general multi-layered multi-conductor circular

guiding structure is considered in this article. The FDFD

results are compared with those obtained from analytical

solutions or other numerical techniques.

II. FDFD FORMULATION

A. General Formulation
Figure 1 shows the cross section of a general multi-con-

ductor, multi-layered circular guiding structure under con-

sideration. Normalizing Maxwell’s equations in source

free and lossless region by
ffiffiffiffiffi
go

p
gives the following modi-

fied Maxwell’s equations:

r� �E ¼ �jko �H (1)

r� �H ¼ jkoer �E (2)

where go ¼
ffiffiffiffiffiffiffiffiffiffiffi
lo=eo

p
, ko ¼ 2pf

ffiffiffiffiffiffiffiffiffi
loeo

p
, and E and H are

the normalized field intensities. Assuming that all field

components have a longitudinal variation of the form

e�jbz, E and H can be written as:

�E q;u; zð Þ ¼ Eq q;uð Þq̂þ Eu q;uð Þûþ Ez q;uð Þẑ� �
e�jbz

(3)

�H q;u; zð Þ ¼ Hq q;uð Þq̂þ Hu q;uð Þûþ Hz q;uð Þẑ� �
e�jbz

(4)

where b is the phase constant (rad/m). Substituting (3)

and (4) in (1) and (2) gives the equivalent differential

equations which are mapped into their relative FDFD

equations by using Yee cell shown in Figure 2.

Figure 2a shows the conventional 3D cylindrical Yee’s

cell, whereas Figure 2b shows the compact 2D grid that

will be used here to discretize Maxwell’s equations. For

completeness, the compact 1D-FDFD equivalent cell is

also shown in Figure 2c. According to the compact 2D

grid in Figure 2b, and starting from Maxwell’s equations

(1) and (2), the following difference equations can be

derived:

� jkoHq n; kð Þ ¼ 1

nhqhu
Ez n; k þ 1ð Þ � Ez n; kð Þ½ �

þ jbEu n; kð Þ ð5Þ

� jkoHu n; kð Þ ¼ �jbEq n; kð Þ � 1

hq
Ez n; kð Þ � Ez n� 1; kð Þ½ �

(6)

r � jkoHz n; kð Þ ¼ 1

n� 0:5ð Þhq
� nEu n; kð Þ � n� 1ð ÞEu n� 1; kð Þ� �

� 1

n� 0:5ð Þhqhu Eq n; k þ 1ð Þ � Eq n; kð Þ� � ð7Þ

jerkoEq n; kð Þ ¼ 1

n� 0:5ð Þhqhu Hz n; kð Þ � Hz n; k � 1ð Þ½ �

þ jbHu n; kð Þ ð8Þ

jerkoEu n; kð Þ ¼ �jbHq n; kð Þ � 1

hq
Hz nþ 1; kð Þ � Hz n; kð Þ½ �

(9)

jerkoEz n; kð Þ
¼ 1

nhq
nþ 0:5ð ÞHu nþ 1; kð Þ � n� 0:5ð ÞHu n; kð Þ� �

� 1

nhqhu
Hq n; kð Þ � Hq n; k � 1ð Þ� � ð10Þ

In the above, (n, k) is the cell’s number, and hq and hu
are, respectively, the cell size in the radial and azimuthal

directions. The index n takes the values of 1, 2,…, Nq,

where Nq is the grid number in the radial direction. On

the other hand, the index k takes the values of 0, 1,…,

Nu, where Nu is the grid number in the azimuthal direc-

tion (i.e., Nu.hu ¼ 2p). Now, these difference equations

can be used to build the FDFD system.

In [19], the above six difference equations were

reduced to four equations by eliminating Ez and Hz field

terms from eqs. (5), (6), (8), and (9) by substituting for

these components from (7) and (10). This resulted in a

system of four difference equations which involved only

the four components: Eq, Eu, Hq and Hu. This will be

referred to as the 2D-4FDFD technique. This method was

applied in [19] to analyze the ridged circular waveguide

problem. One drawback of the 2D-4FDFD scheme is the

difficulty in dealing with conductors. At the conductors’

surfaces (referring to Fig. 1), the following boundary con-

ditions have to be enforced: Hq ¼ 0, Eu ¼ 0 and Ez ¼ 0.

The first two boundary conditions can be directly applied

at the surfaces of the perfect conductors using the

Figure 1 Cross section of a general multi-conductor, multi-

layered circular guiding structure.
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corresponding difference equations for Hq and Eu. How-

ever, since Ez has been eliminated from the difference

equations, it was necessary to derive modified FDFD

equations that satisfy Ez ¼ 0 [19]. This, by itself, compli-

cates the 2D-4FDFD method and makes it not suitable to

be used in the analysis of general multi-layered multi-

conductor cylindrical structure similar to that shown in

Figure 1. For these reasons, it is proposed here to use

another FDFD scheme which is based on six difference

equations as explained below.

B. 2D-6FDFD Equations
As pointed above, the 2D-4FDFD equations can be easily

used to analyze any simple circular structure without strip

conductors such as coaxial lines or circular waveguides.

To analyze more complex structures, such as cylindrical

microstrip or strip lines, some difficulty will arise when

applying the boundary conditions at the strip conductor

boundaries as a result of the need to derive modified

FDFD equations at the conductors’ boundaries [19]. So,

instead of using the 2D-4FDFD scheme, we propose here

to use the simpler 2D-6FDFD scheme to analyze general

cylindrical guiding structures.

After rearranging the finite difference equations (5),

(6), (8), and (9) and using the needed substitutions for the

fields: bEq, bEu, bHq and bHu in (7) and (10), the 2D-

6FDFD equations can be derived as follows:

b
ko

Eq n; kð Þ ¼ Hu n; kð Þ � Ez n; kð Þ
jhqko

þ Ez n� 1; kð Þ
jhqko

(11)

b
ko

Eu n; kð Þ ¼ �Hq n; kð Þ � Ez n; k þ 1ð Þ
jnhqhuko

þ Ez n; kð Þ
jnhqhuko

(12)

b
ko

Ez n; kð Þ ¼ nþ 0:5ð ÞEq nþ 1; kð Þ
jkonhq

þ Eu n; kð Þ
jkonhqhu

� Eu n; k � 1ð Þ
jkonhqhu

� n� 0:5ð ÞEq n; kð Þ
jkonhq

(13)

b
ko

Hq n; kð Þ ¼ �erEu n; kð Þ þ Hz n; kð Þ
jkohq

� Hz nþ 1; kð Þ
jkohq

(14)

b
ko

Hu n; kð Þ ¼ erEq n; kð Þ þ Hz n; k � 1ð Þ
jko n� 0:5ð Þhqhu

� Hz n; kð Þ
jko n� 0:5ð Þhqhu ð15Þ

b
ko

Hz n; kð Þ ¼ nHq n; kð Þ
jko n� 0:5ð Þhq �

n� 1ð ÞHq n� 1; kð Þ
jko n� 0:5ð Þhq

þ Hu n; k þ 1ð Þ
jko n� 0:5ð Þhqhu � Hu n; kð Þ

jko n� 0:5ð Þhqhu ð16Þ

Using these 2D-6FDFD equations, one can analyze any

circular guiding structure without the need to derive any

extra modified FDFD equations at the conductor bounda-

ries. All that is needed is to apply the general boundary

conditions on the surface of the conductor directly. The

continuity condition of electric fields across two dielectric

media is ensured by setting the dielectric constant on the

interface as the average of the dielectric constants of the

two regions. Even though the 2D-6FDFD method requires

larger memory and CPU time than the 2D-4FDFD

method, it is more straight forward, easier to implement

and easier to formulate.

It should be mentioned that for modes that possess u
symmetry (such as TEM mode in coaxial lines, and TE0m

Figure 2 (a) Typical 3D-FDFD Yee cell in cylindrical coordinates. (b) Compact 2D-FDFD equivalent cell. (c) Compact 1D-FDFD

equivalent cell.
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and TM0m modes in circular waveguides), the 2D FDFD

equations can be reduced to 1D difference equations. In

this case, the compact 1D FDFD grid shown in Figure 2c

can be used. Deriving the 1D-FDFD equations can be

done by either starting from Maxwell’s equations or

directly from the 2D-6FDFD equations by eliminating the

azimuthal dependence.

C. Dealing with the Origin (q ¼ 0)
Figure 3 shows a portion of the 2D-FDFD grid around the

origin (q ¼ 0). Three field components exist at the origin,

namely; Eu(0,0), Ez(0,0) and Hq(0,0). From eq. (11),

Ez(0,0) is needed to compute Eq(1,k), whereas Hq(0,0) is

needed to compute Hz(1,k) in eq. (16). However, Hq(n �
1,k) is multiplied by the factor (n � 1) in (16) which is

zero for n ¼ 1. Thus, the only needed field component at

the origin is Ez(0,0).

This can be accomplished by using Maxwell’s integral

equation:

I

C

H � dl ¼ e
Z

S

@E

@t
�ds (17)

To solve for Ez(0,0), the contour C is taken as the circular

closed path of radius hq/2, and S is the area of this circle.

Thus, using n ¼ 1, and dividing the circle into Nu ¼ 2p/
hu sectors, the following expression is obtained:

Ezð0; 0Þ ¼ �j
4

Nu

1

erk0hq

Xnphi
k¼1

Hu 1; kð Þ (18)

D. Eigen-Value Problem
After implementing all the necessary boundary conditions,

FDFD equations can be written in the form of an eigen-

value problem as follows:

AX ¼ b
k0

X (19)

The coefficient matrix A is a sparse matrix which is

obtained from the FDFD equations, while X ¼ {Hq, Hu,

Hz, Eq, Eu, Ez}
T is the field vector. The fields distribu-

tions can be obtained directly from the eigen-vectors

while b/k0 are the eigen-values.

III. NUMERICAL RESULTS

To verify the proposed 2D-6FDFD equations, several

examples of circular guiding structures are presented in

this section. First, a coaxial line with the following param-

eters: er ¼ 2.2, inner radius a ¼ 0.853 mm, outer radius b
¼ 2.9 mm is analyzed. In this case, hq ¼ 0.1706 mm and

hu ¼ 2p/10 rad are used. Figure 4 shows a comparison

between the FDFD results and those obtained analytically

for the dominant TEM mode and the TE11 mode (the first

higher order mode). An excellent agreement is obtained

between the FDFD results and the exact ones. For the

TEM mode, the FDFD results are the same as the exact

ones. For the higher order TE11 mode, the maximum dif-

ference between the FDFD results and the exact ones is

around 5%. Since the TEM mode is azimuthally symmet-

ric, the simple time-saving 1D-FDFD method, mentioned

above, can be used. However, the TE11 mode will not

appear if the 1D-FDFD scheme is used because its field

distribution depends on u.

Figure 3 Portion of the 2D-FDFD mesh around the origin.

Figure 4 Dispersion characteristics of a coaxial line with er ¼
2.2, inner radius ¼ 0.853 mm, outer radius ¼ 2.9 mm.

Figure 5 Dispersion characteristics of circular waveguide with

er ¼ 2.25 and radius of 5 mm.
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Next, a circular waveguide filled with a dielectric ma-

terial of er ¼ 2.25 and radius of 5 mm is considered. The

dispersion curves for the first three modes are shown in

Figure 5. The dominant mode for the circular waveguide

is the TE11 mode, and it starts to appear after 11.72 GHz.

This is the same as the exact value for the cutoff fre-

quency for this mode. The TM01 and TE21 modes start to

appear after 15.311 and 19.442 GHz, respectively, which

are the same as their corresponding cutoff frequencies

[22].

Figure 6 shows the dispersion characteristic of a cylin-

drical stripline that has a strip width W ¼ 0.9425 rad,

inner conductor and outer conductor radii of 0.853 and

2.9 mm, respectively. The cylindrical stripline supports

the TEM mode besides higher order modes, where the

first higher order mode converges to the TE11 mode in its

equivalent coaxial line (same stripline without the strip)

for very small strip widths [21]. The FDFD results are in

a very good agreement with the exact results.

As an example of a more complex structure, a cylindri-

cal microstrip line is analyzed using the 2D-6FDFD equa-

tions. Figure 7 shows a sample result. The comparison

here is between the FDFD results and FDTD ones [1].

The results are obtained for two cases; W/h ¼ 2 and W/h
¼ 1. It should be noted that an open cylindrical microstrip

line was considered in [1], where an ABC was used to

truncate the FDTD mesh. In this article, we assume that

this microstrip line is mounted inside a ground conductor

as seen in Figure 7. The small differences between the

FDFD and FDTD results could be due to the grid size and

the existence of an outer conductor in our analysis instead

of using an ABC (as in [1]). In this example, a distance

of 6hq between the outer conductor and the strip is used,

while the inner conductor and the strip radii are 18hq and

20hq, respectively.
Figure 8 shows the dispersion curves for a cylindrical

coupled microstrip lines structure. In this structure, odd

and even modes can propagate as a result of odd and even

Figure 6 Dispersion characteristics of a cylindrical stripline

with er ¼ 2.2, W ¼ 0.9425 rad, inner radius ¼ 0.853 mm, outer

radius ¼ 2.9 mm and strip radius ¼ 2 mm.

Figure 7 Characteristics of cylindrical microstrip line with a/b
¼ 0.9, er ¼ 9.6, h ¼ b � a and c/b ¼ 1.3.

Figure 8 Even and odd mode characteristics for a coupled

microstrip line where: a/b ¼ 0.9, er ¼ 9.6, W/h ¼ 1, S/h ¼ 1 and

h ¼ b � a.

Figure 9 Effective relative permittivity of cylindrical shielded

microstrip line as a function of frequency where: er ¼ 9.6, h ¼
3.04 mm, W/h ¼ 1 for both values of R ¼ a/b ¼ 0.7 and 0.85.
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symmetries. In this example, two values for the radius of

the outer conductor are used: c ¼ 24hq and c ¼ 32hq,
while both the inner conductor and strips radii are fixed at

a ¼ 18hq and b ¼ 20hq, respectively. Figure 8 shows the

obtained results, when compared with the FDTD ones

taken from [1]. Increasing the ratio between the radius of

the outer shielding conductor and the strips radius from

1.2 to 1.6 gives FDFD results closer to the FDTD ones,

since an open structure was considered in the FDTD simu-

lations in [1].

Now, the case of a microstrip line mounted inside a

grounded cylinder is considered. The results are shown in

Figure 9. The strip width is W, and the shielding substrate

which has a relative permittivity of er has a thickness of h
¼ b � a. The FDFD results are compared with those in

[2]. As expected, the effective permittivity (eeff ¼ (b/ko)
2)

is sensitive to the values of the curvilinear coefficient R
and kob. The maximum difference between the FDFD

results and those in [2] is around 3%.

A study of the effective permittivity as a function of

W/h for different curvilinear coefficients is presented in

Figure 10. As expected, eeff approaches the value of er as

the strip width gets larger, since for wide strips, the struc-

ture becomes closer to a coaxial line filled with a dielec-

tric material with er. The maximum difference between

the FDFD results and those in [2] is around 1% only.

Also, the case of a coupled microstrip line mounted

inside a grounded cylinder, shown in Figure 11, is consid-

ered. The FDFD results are compared with those in [3],

and a very good agreement is obtained. The maximum

difference between the FDFD results and those in [3] is

less than 1%. The effective relative permittivity for the

even mode increases with decreasing line separation,

while the effective relative permittivity for the odd mode

decreases with decreasing line separation. This is due to

the different fields distributions for the even and odd

modes which are sensitive for the line separation in each

operating mode. A study of the effective permittivity as a

function of W/h is presented in Figure 12. Again, the

FDFD results agree very well with those from [3] with a

maximum difference of less than 1%.

Figure 13 shows the characteristic impedance (Zo) ver-
sus the dielectric constant er for the coaxial line that was

analyzed in Figure 4. A very good agreement between our

FDFD results and the exact results is obtained with a

maximum difference less than 1%.

Figure 10 Effective dielectric constant, eeff, as a function of W/

h for various curvilinear coefficients (R) where: er ¼ 9.6, h ¼
3.04 mm, kob ¼ 3.0.

Figure 11 Effective relative permittivity of cylindrical shielded

coupled microstrip line as a function of frequency for two values

of line separations S/h ¼ 0.5 and S/h ¼ 1.0, where: er ¼ 9.8, h ¼
0.635 mm, W/h ¼ 1.0 and a/b ¼ 0.9.

Figure 12 Effective dielectric constant, eeff, as a function of W/

h for various curvilinear coefficients (R) where: er ¼ 9.8, h ¼
0.635 mm, f ¼ 2 GHz and S/h ¼ 1.0.

Figure 13 Characteristic impedance Zo versus er for a coaxial

line.
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Finally, taking the case of W/h ¼ 2, Zo for the cylin-

drical microstrip line that was analyzed in Figure 7 is

plotted as a function of frequency in Figure 14. Our

results are in good agreement with the FDTD ones [1]

with a maximum difference around 10%. This could be

due to the different grid size used in both techniques.

IV. CONCLUSIONS

In general, the core of the FDFD algorithm is to find the

propagation constant, which are the resulting eigen-values,

for any wave inside any circular microwave guiding struc-

ture. Indeed, the rather trivial 1D-FDFD method can be

used to give the azimuthally symmetric solutions for cir-

cular structures, such as the TEM mode in coaxial lines.

The 2D-4FDFD method presented in [19] suffers from the

fact that extra difference equations need to be derived to

enforce the boundary conditions on the surface of conduc-

tors. In this article, the 2D-6FDFD method was developed

and used to analyze more complicated structures such as

striplines, microstrip lines and coupled microstrip line.

Although it requires higher storage memory and CPU

time, the 2D-6FDFD method is easier to implement and

can be easily adapted to analyze almost any multi-layered,

multi-conductor cylindrical guiding structure. Several

examples, ranging from simple coaxial line to cylindrical

coupled microstrip line, were analyzed in this article,

which validates the generality of the developed FDFD

scheme. The examples of the circular guiding structures

that have been analyzed in this article were all mounted

inside a ground conductor. However, the developed tech-

nique can be easily modified to include outer ABCs so

that open structures can be analyzed too. Moreover, loss-

less guiding structures have been assumed in the FDFD

formulation, though losses can be taken into account by

including the nonzero loss tangent for the dielectrics and

appropriate surface impedance boundary conditions at the

surfaces of the conductors. The obtained FDFD results

were compared with those obtained by other numerical

techniques and those obtained analytically. Very good

agreement has been obtained in all the presented exam-

ples. Recently, we were able to extend this technique to

analyze coaxial lines and circular waveguides completely

filled with azimuthally magnetized ferrite medium [23].

As a future work, this technique could be extended to ana-

lyze cylindrical microstrip lines and striplines with an azi-

muthally (or longitudinally) magnetized ferrite substrate.
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