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Abstract The design of Nt -section matching transformer
operating at Nt arbitrary frequencies using the particle swarm
optimization (PSO) method is presented. Although analyti-
cal methods based on standard transmission line theory can
be used in such designs, however, the analysis becomes cum-
bersome if Nt exceeds two, and numerical methods should
be used to solve the resulting nonlinear equations. The design
using the PSO, however, is much easier, and gives the same
results as the analytical methods. Different examples are pre-
sented and compared with published literature.

Keywords Impedance matching · Transmission line
transformer · Particle swarm optimization

1 Introduction

With the advent of multi-band operation in wireless commu-
nication systems [1–3], it becomes essential to have matching
transformers that operate at several frequencies. Recently,
several papers have been published in which different tech-
niques were proposed to design dual-frequency matching
transformers [4–13]. In [4], a λ/4-shorted stub was added
to a conventional single-shunt-stub matching network that
enabled impedance matching at two separate frequencies
simultaneously. In [5], a dual-frequency four-section alter-
nating impedance transmission line transformer (TLT) was
proposed and used to design a dual-band Wilkinson power
divider. In [6–10], a novel dual-band two-section TLT was
studied and simple design equations for the impedances and
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lengths of the two sections were derived in [9]. In [11,12], an
extension of this dual-band TLT to match complex imped-
ances was presented and applied to wideband high-frequency
amplifiers. In [13], a new synthesis method was proposed to
design equal-ripple dual-band impedance transformer. The
dual-band two-section TLT has been successfully used to
design dual-band dividers in [14,15]. Very recently, a three-
section TLT, extended from the two-section TLT concept,
was investigated and applied for a tri-band application in
[16]. After somewhat lengthy procedure, design expressions
for the 3-section TLT for three arbitrary operating frequen-
cies were given in [16]. However, two nonlinear equations
had to be solved simultaneously via an optimization process.

In this paper, instead of going through lengthy analytical
derivations, which could end up with the need for the use of
optimization process too, we propose the use of the particle
swarm optimization (PSO) technique to design multi-band
multi-section TLT. First, a general expression for the reflec-
tion coefficient of Nt -section TLT is derived. Then, the PSO
technique is used to find the characteristic impedances and
lengths of these sections such that perfect match is achie-
ved at Nt arbitrary frequencies. Preliminary results of this
research were briefly presented in [17], while here; the details
of the application of the PSO to the problem of designing
multi-band TLTs, along with more results and discussion,
are included.

The particle swarm optimization (PSO) algorithm is
a multiple-agents optimization algorithm introduced by
Kennedy and Eberhart [18] in 1995 while studying the social
behavior of groups of animals and insects such as flocks of
birds, schools of fish, and swarms of bees. In the implemen-
tation of the PSO for a given problem, each member of the
swarm (called particle and their number is M) flies in the
N -dimensional solution space to improve its position based
on the knowledge of its best previous performance, and the
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best previous performance of the other particles in the swarm
[19–23]. Compared with similar evolutionary algorithms
such as genetic algorithm (GA), the PSO is much simpler
to implement. This comes from the fact that PSO is based on
the cooperation between the agents and not their competition
as in the GA. For example, GA requires the user to define a
suitable strategy for the application of the genetic operators
such as the choice of the crossover and the mutation probabil-
ities, and best implementation of the operator for the problem
at hand (e.g., tournament selection or proportional selection,
single-point crossover or multipoint crossover). The PSO,
on the other hand, eliminates the need for selecting the best
operator since the update equations are sequentially applied
to all particles. Other differences occur in the calibration of
the control parameters. In GA, the most important param-
eters are the population size, the crossover probability, and
the gene-mutation and chromosome-mutation rates. In PSO,
the swarm size, the inertial weight and the acceleration terms
are the most important parameters. In general, manipulating
of the PSO parameters is easier than changing various oper-
ators and their occurrence, and there exist comprehensive
studies on the effects of PSO parameters that makes their
selection even easier [22,24]. Another important aspect of
the PSO algorithm is its ability to control the convergence of
the optimization as well as its stagnation. Stagnation occurs
in the GA when eventually all chromosomes have the same
genetic code. In such case, the gene pool is so homogeneous
that there is little or no possibility to explore other regions
of the solution space and only a lucky mutation can gener-
ate a different optimal individual thus avoiding stagnation
[22]. Unlike GA, the PSO allows a more significant level
of control by decreasing the inertial weight during the opti-
mization process. In fact, higher values produce relatively
straight particle trajectories resulting in a good global search
characteristic. On the other hand, small values encourage a
local searching and the homogeneity of the swarm. Numer-
ical experiments with PSO have shown that it is generally
useful to decrease the inertial coefficients during the optimi-
zation process to avoid a premature stagnation and to allow
a refined local search only at the end of the optimization
[25,26]. Another important feature of the PSO algorithm is
that it deals directly with the actual values of the unknowns
in the solution space without the need of encoding them to a
binary format, and therefore truncation errors resulting from
representing real numbers by a finite number of bits (as done
in the GA) are avoided. Related to the subject of this paper,
recently, a parallel PSO, combined with the finite difference
time domain (FDTD) technique, has been used to design opti-
mized multi-band and wide-band microstrip patch antennas
in [27].

In this paper, the PSO algorithm is used to compute the
design parameters for the dual-frequency two-section and tri-
frequency three-section TLT, and the results are compared

with those given in the literature. Moreover, results for quad-
band four-section TLT are presented.

2 The PSO algorithm

This paper is not intended to be a comprehensive review of the
PSO algorithm, and therefore only the main steps of the stan-
dard algorithm are outlined here. For a more thorough study
of the algorithm regarding its implementation, the parameters
selection, applications, and other versions of the algorithm,
the interested reader is referred to [18–27] and the references
mentioned therein. The PSO algorithm associates with each
particle in the swarm a position vector and a velocity vector.
For an N -dimensional problem, the position and velocity can
be specified by an M by N matrices as follows:

X =

⎡
⎢⎢⎢⎣

x11 x12 . . . x1N

x21 x22 . . . x2N
...

...
...

...

xM1 xM2 . . . xM N

⎤
⎥⎥⎥⎦ (1)

V =

⎡
⎢⎢⎢⎣

v11 v12 . . . v1N

v21 v22 . . . v2N
...

...
...

...

vM1 vM2 . . . vM N

⎤
⎥⎥⎥⎦ (2)

where M is the number of particles in the swarm. Any row
of the position matrix X represents a potential solution to the
optimization problem. The velocity of each particle depends
on the distance between the particle’s current position and
the positions that resulted in good fitness values. To update
the velocity matrix, every particle should know its personal
best and the global best position vectors. The personal best
position vector defines the position at which each particle
attained its best fitness value (denoted pbest) up to the pres-
ent iteration. The personal best positions are defined by the
matrix:

P =

⎡
⎢⎢⎢⎣

p11 p12 . . . p1N

p21 p22 . . . p2N
...

...
...

...

pM1 pM2 . . . pM N

⎤
⎥⎥⎥⎦ (3)

The global best position vector defines the position in the
solution space at which the overall best fitness value (denoted
gbest) was achieved by all particles, and is defined as:

G = [
g1 g2 . . . gN

]
(4)

All the information needed by the PSO algorithm is con-
tained in X , V, P , and G. The core of the PSO algorithm
is the method by which these matrices are updated in each
iteration. These matrices are updated such that each particle
moves closer to both its personal best and the global best
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positions as we proceed in the algorithm. To achieve this, the
velocity matrix is updated according to:

V i
mn = wV i−1

mn + c1 × rand1 ×
(

Pi
mn − Xi−1

mn

)

+c2 × rand2 ×
(

Gi
n − Xi−1

mn

)
(5)

where the superscripts i and i −1 refer to the time index of the
current and the previous iterations, rand1 and rand2 are uni-
formly distributed random numbers in the interval [0,1]. The
parameters c1 and c2, called cognition and social accelera-
tion, specify the relative weight of the personal best position
versus the global best position. It appears that a value of 2.0 is
a good choice for both parameters. The parameter w, called
the “inertial weight”, is a number in the range [0, 1], and it
specifies the weight by which the particle’s current velocity
depends on its previous velocity and the distance between the
particle’s location and its personal best and global best posi-
tions [24]. Previous work has shown that the PSO algorithm
could be accelerated if w is varied linearly with iterations
within the range [0.9, 0.4]. To prevent the particles from
going out of the solution space, the velocity of each particle
is limited to a maximum value according to the following
relation:

Vmn = min(abs(Vmn), Vmax) × sign(Vmn) (6)

where Vmax is the maximum allowed velocity in any dimen-
sion. The position matrix is updated according to:

Xi = Xi−1 + V i (7)

The PSO algorithm, like other evolutionary algorithms, uses
the concept of fitness to guide the particles during their search
for the optimum solution in the N -dimensional space. The
fitness defines how well the position vector of each parti-
cle satisfies the requirements of the optimization problem.
The particle’s position vector that resulted in the best fitness
is chosen as the global best position vector, and this infor-
mation is passed to all other particles to use to adjust their
velocity and position vectors accordingly.

For the current problem, the design is concerned with find-
ing the characteristic impedances and lengths of Nt -section
TLT that matches a lossless transmission line of characteris-
tic impedance Z0 to a pure resistive load ZL at Nt arbitrary
frequencies (see Fig. 1). The PSO method is used to find the
parameters of the matching transformer (i.e., the character-
istic impedance and length of each section). The following
fitness function is used:

Fitness =
Nt∑

n=1

an|�in( fn)| (8)

where �in( fn) = (Z in − Z0)/(Z in + Z0) is the input reflec-
tion coefficient at frequency fn, ans are weighting parame-
ters (here, we used a value of 1 for all ans), and Z in is the

ZLZ0 Z1 ZNtZn

l1 ln lNt

… …

Γin , Zin

Fig. 1 An Nt -section, Nt -band matching transformer

input impedance of the whole TLT. The input impedance Z in

can be easily calculated using standard transmission line the-
ory, starting at the input of the last section, and moving back
until we reach the input of the first section. It is obvious that
for Nt frequency points, the PSO will search for N = 2Nt

unknowns: Nt characteristic impedances, and Nt lengths.
The PSO algorithm can be summarized in the following

steps:

(1) Initialize the position and velocity of the particles
randomly in the problem space.

(2) Use the current position vector of each particle to
evaluate the fitness value using (8).

(3) Compare the particle’s fitness value with the particle’s
pbest. If the current value is better (here better numeri-
cally means smaller) than pbest, then replace pbest by
the current value, and the particle’s position vector by
the current position vector.

(4) Compare the current fitness value with the global pre-
vious best. If the current value is better than gbest,
then set gbest and G to the current value and position,
respectively.

(5) Update the particle’s velocity and position according
to (6) and (7).

(6) Repeat starting from step (2) until a stopping criterion
is met: a good fitness value or a maximum number of
iterations.

3 Results

The PSO algorithm as described in the previous section is
implemented in Matlab using the following parameters: M =
30, c1 = c2 = 2, Vmax = (1 + k)/2 where k is the imped-
ance transformation ratio k = ZL/Z0. The stopping crite-
rion is either a fitness value, as calculated from (8), less than
10−4 is achieved, or a maximum number of 20,000 itera-
tions is reached. Also, to make the final design compact, we
restricted the length of each section to be less than λ1/4,
where λ1 is the wavelength at the lowest design frequency.
At the beginning of the PSO algorithm, the impedance val-
ues and lengths are randomly initialized within the inter-
vals [Z0, ZL], and [λ1/10, λ1/4], respectively. We should
also mention that the PSO algorithm did not always reach a

123



296 Electr Eng (2008) 90:293–300

Table 1 Design parameters for
a two-section transformer with
Z0 = 200 � and ZL = 50 �

The results from [Table I, 9]
appear as the second entry in each
cell

f1 (GHz) f2 (GHz) Z1(�) Z2(�) l1/λ1 l2/λ1

15 15 141 70.7 0.25 0.25

141 70.7 0.25 0.25

13 17 139.04 71.92 0.2167 0.2167

139 71.9 0.2167 0.2167

12 18 135.94 73.56 0.20 0.20

136 73.6 0.20 0.20

10 20 124.96 80.01 0.1667 0.1667

125 80 0.1667 0.1667

solution from the first run, and sometimes it took up to five
runs to produce a satisfying solution. The results from the
PSO algorithm are verified by comparing them with pub-
lished results using analytical methods. All the results pre-
sented here are obtained using a single Matlab code in which
the inputs are the number of sections Nt , the matching fre-
quencies, the characteristic impedance Z0, and the load
impedance ZL.

The first example illustrates the results for a two-section
transformer that matches Z0 = 200 � to ZL = 50 � at two
arbitrary frequencies. The results are summarized in Table 1.
Our results are identical to the results given in [Table I, 9]
which were obtained using analytical methods. The perfor-
mance of this transformer is shown in Fig. 2a, which shows
that perfect match is achieved at the design frequencies.
Figure 2(b) shows the fitness value of the best particle in the
swarm, and we see that the algorithm converged to the desi-
red solution in relatively small number of iterations. From
Table 1, it can be seen that l1 = l2, and Z0 ZL = Z1 Z2.
This is known as the antimetry condition, which character-
izes optimum multi-section transformers [28].

The second example illustrates the design of a three-sec-
tion transformer operating at three arbitrary frequencies. The
results in Table 2 are obtained for Z0 = 50 � and k = 0.6,
1.5 and 2, operating at f = 0.9, 1.8, and 2.4 GHz. Our
results are very close to the results given in [Table I, 16],
which were obtained using a lengthy analytical method. We
note that the lengths of transformer sections are symmet-
ric about the central one, i.e., l1 = l3 (antimetry condition
[28]), and for any k, the lengths of the three sections, for
a given example, do not change as long as the matching
frequencies do not change. Moreover, the following condi-
tion is satisfied: Z0 ZL = Z1 Z3 = Z2

2, which is again part of
the antimetry condition mentioned above. The performance
of this transformer is shown in Fig. 3. It should be emphasized
here that no conditions have been imposed on the lengths or
the impedances while the search for the solution was per-
formed. The only conditions are that the impedances lie in
the range [Z0, ZL], and the lengths be less than λ1/4. For
these conditions, the solution is unique [16].

Fig. 2 Performance of the two-section transformer. a Reflection
coefficient versus frequency. b Fitness value versus number of
iterations

The third example illustrates the design of a four-section
alternating-impedance transformer operating at two arbitrary
frequencies [5]. The impedance values of this transformer
are fixed at [Z1, Z2, Z3, Z4] = [ZL, Z0, ZL, Z0], while the
lengths are chosen as [l1, l2, l3, l4] = [l1, l2, l2, l1]. There-
fore, we have only two unknowns: l1 and l2. Table 3 shows
the results for k = 1/2. The results are in excellent agree-
ment with those given in [Table I, 5]. The results in the table
show that when k is fixed and the matching frequencies are
changed, the lengths of transformers now change with fre-
quency. Interestingly, we also observe that the change in l2
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Table 2 Design parameters for
Z0 = 50 �, f1 = 0.9 GHz,
f2 = 1.8 GHz, and
f3 = 2.4 GHz and different
values of k

The results from [Table I, 16]
appear as the second entry in each
cell. The electrical lengths are
referred to f1

k Z1(�) Z2(�) Z3(�) l1 (deg) l2 (deg) l3 (deg)

0.6 44.65 38.74 33.59 45.87 51.26 45.87

46.68 38.76 33.58 45.85 51.36 45.85

1.5 54.67 61.24 68.59 45.87 51.26 45.87

54.67 61.24 68.59 45.85 51.36 45.87

2.0 58.28 70.71 85.80 45.87 51.26 45.87

58.28 70.71 85.80 45.85 51.36 45.85

Fig. 3 Performance of the three-section transformer. a Reflection coef-
ficient versus frequency. b Fitness value versus number of iterations

(and hence l3) is more pronounced than the change in l1 (and
l4) as the frequency is changed.

The fourth example demonstrates the design of a four-
section transformer operating at four arbitrary frequencies

with Z0 = 50 � and various values of k. The design parame-
ters are listed in Table 4, and the variation of the input reflec-
tion coefficient with frequency is shown in Fig. 4. It is clear
that perfect match is obtained at the four design frequen-
cies. As expected, the input reflection coefficient for the two
cases k = 0.5 and k = 2 have exactly the same response,
as it should. From Table 4, it is interesting to note that the
lengths of the transmission line sections are independent of
k and that l1 = l4, and l2 = l3 (antimetry condition on
the lengths). Of course, if the matching frequencies change,
these lengths will change, but the lengths will still be indepen-
dent of k and symmetric. Moreover, the antimetry condition
on the impedances is still satisfied, i. e., Z0 ZL = Z1 Z4 =
Z2 Z3.

As a verification of our results, this TLT was designed
using microstrip lines on FR4 substrate (with thickness of
1.6 mm and dielectric constant of 4.5) and simulated by the
commercial software IE3D [29]. The simulation results are
shown in Fig. 5. As can be seen by comparing Figs. 4 and
5, a very good agreement is obtained between the predicted
results using standard transmission line theory and full-wave
simulation results. The case for k = 10 could not be simu-
lated on IE3D because the widths of the designed microstrip
lines are extremely small compared to the substrate thick-
ness, and therefore, the results for this case are not shown in
Fig. 5. Convergence plots for the fitness function as a func-
tion of the number of iterations for different values of swarm
size M are shown in Fig. 6. The plots suggest that a swarm
size of 20–30 is sufficient for the PSO algorithm to converge
to the solution in a relatively small number of iterations. In
fact, a swarm size of around 30 seems to be an optimum
choice for many optimization problems [22].

Table 3 Design parameters for the alternating-impedance four-section transformer with k = 1/2, and f1 = 1 GHz

f2/ f1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

l1 (deg) 14.26 13.82 13.57 13.46 13.43 13.46 13.54 13.68 13.86 14.04

14.24 13.84 13.6 13.47 13.43 13.46 13.55 13.68 13.86 14.07

l2 (deg) 45.4 43.16 40.93 38.77 36.76 34.85 33.05 31.32 29.66 28.12

45.39 43.08 40.89 38.77 36.74 34.82 33 31.28 29.64 28.09

The results from [Table I, 5] appear as the second entry in each cell. The electrical lengths are referred to f1
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Table 4 Design parameters for
the four-section transformer
with Z0 = 50 �, f1 = 1.0 GHz,
f2 = 2.0 GHz, f3 = 2.6 GHz,
f4 = 3.4 GHz, and different
values of k

k Z1 Z2 Z3 Z4 l1/λ1 l2/λ1 l3/λ1 l4/λ1

0.5 44.95 38.16 32.74 27.80 0.1079 0.1143 0.1143 0.1079

1.5 53.19 58.54 64.06 70.50 0.1080 0.1143 0.1143 0.1080

2.0 55.62 65.56 76.39 89.94 0.1079 0.1143 0.1144 0.1080

10 73.61 126.48 200.47 341.53 0.1072 0.1153 0.1145 0.1076

Fig. 4 Reflection coefficient as a function of frequency for different
values of k for a quad-band, 4-section TLT

Fig. 5 Full-wave electromagnetic simulation results for the quad-
band, 4-section TLT

The last example demonstrates the design of a 4-section
Chebyshev TLT to match a 50-� line to a 100-� load, with a
passband ripple of 0.05, and a center frequency of 5 GHz. The
theory and design of Chebyshev transformers is well known
and can be found in any book on microwave engineering [30].
It can be easily shown that the input reflection coefficient for
this transformer is zero at the following four frequencies:

Fig. 6 Convergence plots for the four-section transformer of example
4 for a k = 1.5 b k = 10

2.274, 3.9887, 6.013, and 7.726 GHz in the frequency range
0–10 GHz. We then used these four frequencies in the
fitness function given in Eq. 8, and the obtained normalized
impedances were as follows: Z1/Z0 = 1.1195, Z2/Z0 =
1.2978, Z3/Z0 = 1.5411, Z4/Z0 = 1.7866, and the lengths
were exactly l1 = l2 = l3 = l4 = λ/4, where λ is the
wavelength at 5 GHz. From [Table 5.2, 30], we find that
Z1/Z0 = 1.1201, Z2/Z0 = 1.2979, Z3/Z0 = 1.5409,

Z4/Z0 = 1.7855. Figure 7 shows the reflection coefficient
versus frequency as calculated using the present method, and
the standard theory of Chebyshev transformers. The agree-
ment is excellent; one can barely differentiate between the
two results in Fig. 7.

123



Electr Eng (2008) 90:293–300 299

Fig. 7 Input reflection coefficient as a function of frequency for the
designed 4-section Chebyshev transformer

4 Conclusions

We have successfully used the particle swarm optimization
method to design multi-band, multi-section TLTs. Design
results for two-, three-, and four-section TLT were presented
and compared with published results using theoretical meth-
ods, and the agreement in all cases was excellent. It has been
found that the antimetry condition is always satisfied in these
multi-band multi-sections TLTs. Compared with theoretical
methods, the PSO is much easier to use for such applications,
especially if three or more sections are required. When the
matching frequencies were chosen according to the zeros of
the Chebyshev polynomials, the PSO results were found to
be exactly those of a Chebyshev transformer. Very recently,
during the review process of this work, we have used these
TLTs (along with the PSO approach) to design and analyze
multi-band multi-section Wilkinson power dividers [31].
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