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Abstract: A comprehensive study of CAD models of several coplanar waveguide (CPW)
discontinuities is presented. The following discontinuities are studied: CPW short-end, CPW open-
end, symmetric CPW series gap, and symmetric short-end coupled CPW. Simple models, that are
suitable for CAD purposes, are proposed and validated by comparison to published full-wave
results.

1 Introduction

In the last 15 years, the coplanar waveguide (CPW) has
drawn the attention of microwave circuit designers as a
powerful technology that can compete with well-established
microstrip technology. In the early stages, the CPW circuit
designers faced the problem of the lack of CAD models for
CPW discontinuities and elements. Until now, there has still
been a lack of accurate, simple, and easy-to-use CAD
models that the designer can trust and use [1, 2].

In this paper, existing models for several CPW disconti-
nuities are studied, and new models are proposed for some
of them. The following discontinuities are studied: CPW
short-end, CPW open-end, symmetric CPW series gap, and
symmetric short-end coupled CPW. New simple CAD
models are given for the short-end coupled CPW dis-
continuity. The results are compared to available quasi-
static, full-wave and/or experimental results.

2 CPW short-circuit

Figure 1 shows the top view of the CPW short-circuit. The
subject of getting the inductance, excess length, or normal-
ised reactance at the end of a short-circuited CPW has been
of much interest [3–26]. Full-wave analyses or quasi-static
approximations were used to characterise such a disconti-
nuity.

In this research, the simple formula for the end
inductance given in [3] has been evaluated extensively and
compared to the results presented in the literature. A sample
of the results will be shown here.

The formula derived in [3] is given below:

Lsc ¼ 2=pð Þ S þ Wð ÞE0 Z0
ffiffiffiffiffiffiffiffi
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In the above equation S is the centre conductor width, W

is the slot width, eeff is the effective dielectric constant, and

Z0 is the characteristic impedance. Getsinger [3] obtained
the above expression using the duality principle [4], but did
not present any numerical results. In our computations, Eeff

and Z0 evaluated using conformal mapping [17] were used
in the above expression. The metallisation thickness effect,
and dispersion have been also taken into consideration in
the evaluation of these two parameters [17]. Looking at the
above expression, one can notice that the factor Z0

ffiffiffiffiffiffiffiffiEeff
p

exists. Revising the expressions for both Eeff and Z0

(obtained using conformal mapping), one can realise that,
as expected, this factor does not depend on the dielectric
constant Er of the substrate. It depends only on S, W, and
substrate thickness h. Getsinger [3] claimed that the above
formula should give a close approximation for low
impedance CPW and should be useful for moderate
impedance levels.

The short-end CPW can be characterised either as an end
inductance Lsc, an effective excess length ‘sc, or a normal-
ised reactance xsc. These are related to each other as follows:

xsc ¼ oLsc=Z0 ¼ tan b‘scð Þ ¼ tan 2pf
ffiffiffiffiffiffiffiffi
Eeff
p

‘sc=u0
� �

ð2Þ

where u0 is the velocity of light in free space.
One of the most cited papers on end-effect in printed

transmission lines is [10]. Table 1 shows a comparison with
the results presented in that paper. The characteristic
impedance is also included in the Table which shows that,
indeed, Getsinger’s formula gives very good results for low
and moderate impedance lines, below 90O.

Figure 2 shows a comparison with the normalised
reactance obtained using a full-wave analysis in [11]. Again,
Getsinger’s formula gives very good results in a wide
frequency range.
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Fig. 1 CPW short circuit
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Figures 3 and 4 show comparisons with the results
presented in [20] obtained using a full-wave hybrid finite-
element method that takes metallisation thickness into
consideration. It can be seen that Getsinger’s formula gives
good results even for non-zero metallisation thickness.

In the above Figures, using the full-wave results as the
true characteristics of the discontinuity, the maximum error
obtained using Getsinger’s formula is less than 15%. As
indicated in [18], for the CPW short-circuit discontinuity,
one does not need an accuracy better than 10–20% since it
introduces relatively small parasitics, i.e., ‘sc is very small
compared to wavelength. The influence of these parasitics
on circuit design is one order of magnitude less than that of
homogeneous line parameters. It should be also mentioned
that all full-wave techniques have method-related para-
meters (e.g., mesh size) that certainly give inherent errors in
each technique, especially when S11j j is very close to unity.

3 CPW open-circuit

Figure 5 shows the top view of the CPW open-circuit.
Evaluating the capacitance, excess length, or normalised

reactance at the end of an open-circuited CPW has been the
subject of many publications [18–35].

In this study, the expressions given in [18] and [27] have
been evaluated extensively and compared to the results
presented in the literature. The formula derived byMao [27]

Table 1: Effective excess length for a short-end CPW;
h¼ 635lm, er¼ 9.7

S/h W =h ‘sc=h
(eqn. (1))

‘sc=h [10] Z0ðOÞ

0.2 0.2 0.096 0.1 64

0.2 0.4 0.168 0.15 78

0.2 0.6 0.242 0.2 88

0.2 0.8 0.317 0.24 96

0.2 1 0.394 0.29 102

1 0.2 0.189 0.22 41

1 0.4 0.265 0.31 51

1 0.6 0.337 0.37 59

1 0.8 0.41 0.44 65

1 1 0.48 0.49 70
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Fig. 2 Normalised reactance at the end of CPW short-circuit
h¼ 800mm, Er ¼ 2:2, S¼ 789mm, W¼ 1500mm, Z0¼ 150O
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Fig. 3 Normalised reactance at the end of CPW short-circuit
h¼ 200mm, Er ¼ 12:9, S¼ 20mm, W¼ 15mm, t¼ 3mm, Z0¼ 50O
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Fig. 4 Normalised reactance at the end of CPW short-circuit
h¼ 200mm, Er ¼ 12:9, S¼ 20mm, W¼ 15mm, f¼ 50GHz
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Fig. 5 CPW open-circuit
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is given below:

Coc ¼ Eeff Coe Er ¼ 1ð Þ
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p
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The above expression was derived in [27] under narrow
slots assumption such that the magnetic current in the slots
may be assumed to flow uniformly along the slots. Mao
claimed that it is valid under the following conditions:
S= Sþ2Wð Þ � 0:25; h= Sþ2Wð Þ�1, and g= Sþ2Wð Þ � 0:1.
The first two conditions translate to having a quasi-TEM
mode, while the third gives a narrow end gap as indicated
above.

The very simple formula given by Beilenhoff [18] is as
follows:

‘oc ¼
S þ 2W

4
ð4Þ

where ‘oc is the effective length extension that is related to
Coc as follows:

xoc ¼ 1= oCocZ0ð Þ ¼ cot b‘ocð Þ
¼ cot 2pf

ffiffiffiffiffiffiffiffi
Eeff
p

‘oc=u0
� �

ð5Þ

where xoc is the normalised end reactance. Beilenhoff [18]
claimed that the above expression is valid for wide gaps
such that g= S þ 2Wð ÞZ1 and 0:2 � S= S þ 2Wð Þ � 0:8.

After extensive study and comparison to the results
presented in the literature, and within an acceptable
accuracy of 10–20% [18], it has been found that (3) can
be used when g= S þ 2Wð Þ � 0:2, while (4) can be used
otherwise. Three sample results will be shown here.

Figure 6 shows a comparison with the full-wave results
presented in [20]. The normalised end susceptance is shown
in the Figure. It can be seen that since g= S þ 2Wð Þ is larger
than 0.2, (4) gives better results than (3). It was shown in
[20] that the metallisation thickness has negligible effect on
the characteristics of the CPW open-end.

Figure 7 shows a comparison with the results presented in
[33]. In [33], a quasi-static method of moments was used to
characterise a grounded CPW open-end. The results for
very large substrate thickness (included in the Figure) were
also given in the paper. In Fig. 7, results from (4) are not
included since g is very small compared to S+2W.

Figure 8 shows a comparison with the results presented in
[23]. In this case, the phase of the reflection coefficient yr at
the end of the line is given. In [23], a full-wave integral
equation is solved using triangular basis functions. It can be

seen that (4) gives better results since g= S þ 2Wð Þ is larger
than 0.2.

4 CPW symmetric series gap

Figure 9 shows the CPW symmetric series gap element and
its equivalent circuit. Such an element is very important in
building CPW filters [36, 37, 38]. Thus, the subject of getting
the equivalent capacitances, Cs and Cp, of a CPW gap
discontinuity has been of interest [5, 22, 25, 30, 31, 33], [35–
46]. In this study, the expressions given in [39] have been
evaluated and compared to the those obtained using the
expressions in [25] and other results published in the
literature. In [25], a variational technique was used to arrive
at rather complicated expressions for the equivalent
capacitances.

Gevorgian [39] derived closed form expressions for the
equivalent capacitances, Cs and Cp, of a CPW symmetric
series gap discontinuity using the quasi-static conformal
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Fig. 6 Normalised open-end susceptance against frequency
h¼ 200mm, Er ¼ 12:9, S¼ 20mm, W¼ 15mm, g¼ 15mm, Z0¼ 50O
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Fig. 7 CPW open-end capacitance
Er ¼ 2.2, S¼ 8mm, W¼ 0.444mm, h very large, Z0¼ 55O
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mapping technique. In his derivation, an infinitely thick
homogeneous substrate was assumed. This makes these
expressions limited to CPW structures with thick substrates
as will be shown below. To our knowledge, these are the
only available closed form expressions in the literature for
the CPW gap structure.

The expressions derived in [39] are given below:

Cp ¼ 4E0Eeff
Kðk3Þ
Kðk03Þ

KðkÞ S
2
� KðkÞ

Kðk0Þ Lm

� �
ð6Þ

Cs ¼ 2E0Eeff
Kðk2Þ
Kðk02Þ

� Kðk3Þ
Kðk03Þ

� �
KðkÞ S

2
ð7Þ

where

k ¼ S= S þ 2Wð Þ

k1 ¼
epT � 2

epT þ 2

� �2

k2 ¼ sn
Lm

Lm þ G=2ð ÞK k1ð Þ; k1
� �

k3 ¼ k1k2

T ¼ Lm þ G=2ð Þ
S=2ð ÞKðk0Þ

Lm ¼ S=2ð ÞKðk0Þ � G=2ð Þ
k0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2
p

k01 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k21

q

k02 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k22

q

k03 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k23

q

In the above, K(k) is the complete elliptic integral of the first
kind, and sn is the Jacobian elliptic integral.

It should be noted that with the Lm given above, T will
equal to unity for any dimensions, which will give a
constant k1 too. This has not been noted in [39]. Also, for
some cases, Lm could become negative, which gives a
negative k2 and k3, and thus, Kðk2Þ and Kðk3Þ cannot be
computed. This again was not noted in [39].

Figure 10 shows a comparison between results obtained
using the above expressions and those obtained using the
variational technique [25]. In addition, full-wave results
obtained using the space domain integral equation (SDIE)
method [22] and quasi-static finite difference method
(FDM) results [30] are presented in the Figure. The Figure
shows that equations (6) and (7) give good results compared
to full-wave analysis, especially for G smaller than 95mm.
The capacitances Cp and Cs obtained using the variational
technique are in very good agreement with the full-wave
results. The drawback of using the full-wave analysis is that
it takes more CPU time, specially for large S and large G,
which is not suitable for CAD purposes.

Figure 11 shows another comparison with the results
presented in [40]. In [40], a quasi-static spectral domain
method is used to derive the equivalent capacitances for the
CPW gap discontinuity. It should be noted that the
substrate thickness here is small compared to S þ 2Wð Þ
which makes the above expressions not reliable to use.
Indeed, although the computed values for Cp agree with
those from [40] and [25], the computed Cs is almost double
that from [40]. Alternatively, Cs computed using the
variational expression [25] is in good agreement with that
from [40].

As a last example, Fig. 12 shows a comparison with the
quasi-static results presented in [33]. Full-wave results [22]
are also included. It is interesting to note that the computed
Cs (7) is almost double that calculated using the variational
expression.

More tests were made and it has been concluded that the
variational expressions from [25] give better results than
Gevorgian’s expressions [39] for most cases. The main
drawback of Gevorgian’s expressions is that they were
derived with the assumption of an infinitely thick substrate.
It has been found that even for thick substrates, the Cs
expression sometimes gives results that disagree completely
with full-wave analysis results.
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Fig. 8 Phase of reflection coefficient of open-end CPW
S¼W¼ g¼ 20mm, h¼ 100mm, Er ¼ 13, Z0¼ 55O

G

W

W

S

CP CP

CS

Fig. 9 CPW symmetric series gap element and equivalent circuit
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5 Symmetric short-end coupled CPW element

Figure 13 shows the short-end coupled CPW element with
its equivalent circuit. This element is mainly used to build
CPW filters [37, 38, 47–50]. An advantage of this element
over the CPW gap element is that it eliminates the problem
of large gaps and negates the influence of the dielectric
constant (as long as the CPW is operating in the quasi-
TEM range). The shunt inductor Lp provides the coupling
mechanism between the two CPWs. The series inductor Ls
should approach the short-circuit inductance Lsc as the
separation distance d gets large. The purpose of this study is
to get closed form expressions that can be used to evaluate
these equivalent inductances.

5.1 Shunt inductance Lp
One method to evaluate the shunt inductance is to use the
classical formula for ribbon (straight) inductors [47] given
by:

Lp ¼ W ln
2pW

d

� 	
� 1þ d

pW

� �
nH ð8Þ

where W (in cm) is the slot width and d (in cm) is
the separation distance between the two CPWs
(see Fig. 13).

Another expression for the shunt inductance was given in
[4]:

Lp ¼ W ln
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

p
p

 !
þ p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

p" #
nH ð9Þ

where p ¼ d=4W and W is in cm. Looking carefully at
both formulas, one can see that they are similar for very
small d/W. Both expressions are independent of Er and are
functions of W and d only.

Several structures were studied, and the results of the
above two formulas were compared to full-wave results
obtained using the SDIE method [22]. Figures 14 and 15
show two sample comparisons. In both Figures, the full-
wave results were obtained at 10GHz. It can seen that there
is a good agreement between the three sets of results.
Equation (9) gives better results for large separation
distance d.
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Fig. 10 Parallel and series equivalent capacitances for CPW gap
discontinuity
h¼ 635mm, Er ¼ 9:8, S¼ 127mm, W¼ 50mm, Z0¼ 50O
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Fig. 11 Parallel and series equivalent capacitances for CPW gap
discontinuity
h¼ 1.5748mm, Er ¼ 2:1, S¼ 3.28mm, W¼ 0.2667mm, Z0¼ 62O
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5.2 Series inductance Ls
To our knowledge, there is no formula, in the literature,
that can be used to evaluate the series inductance.
Therefore, we relied on the full-wave SDIE results to derive
an approximate expression for Ls. As expected, it has been
found that Ls increases as d increases and approaches the
inductance owing to short-end-effect Ls as d gets large. It
was decided to plot the ratio Lsc=Ls against the ratio d=‘sc
for different structures, where ‘sc is the effective length
extension corresponding to Lsc. Figure 16 shows such a plot
for three different structures. It can be seen that the three
structures give almost the same curve. Such an observation
can be exploited to derive an equation for Ls to give
satisfactory results for any dimensions. This could be done
by simply fitting one of the three curves in Fig. 16 to a
specific formula. It was decided to use Prony’s technique
which fits any set of data to a summation of exponentials.
The formula obtained from the curve for the third structure
was:

Lsc=Ls ¼ 1:2193� eð�5:687 tÞ þ 2:3921� eð�1:0937 tÞ

þ 1:65653� eð�0:0423 tÞ ð10Þ
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Fig. 12 Parallel and series equivalent capacitances for CPW gap
discontinuity
h¼ 10mm, Er ¼ 2:2, S¼ 2mm, W¼ 0.111mm, Z0¼ 55O
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Fig. 14 Shunt inductance for short-end coupled CPW element
W¼ 50mm, S¼ 127mm, h¼ 635mm, Er ¼ 9:8, Z0¼ 50O
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where t ¼ d=‘sc � 0:45. It should be noted that short-end
inductance Lsc and the corresponding effective length
extension ‘sc can be obtained from (1) and (2).

To check the above formula, another structure with
different dimensions was analysed. Figure 17 shows Lsc=Ls
obtained using full-wave analysis and that obtained using
the above fitted formula against d=‘sc. An acceptable
agreement can be observed. In order not to get Lsc=Ls less
than unity for large d=‘sc, the above formula can be used as
long as d=‘sc is less than 10, while one can set Ls to be equal
to Lsc for d=‘sc larger than 10.

6 Conclusions

It has been found that the short-end CPW and open-end
CPW discontinuities introduce relatively small parasitics,
i.e., ‘sc and ‘oc are very small compared to the wavelength.
This means that one does not need an accuracy better than

10-20% since their influence on circuit design is one order of
magnitude less than that of homogeneous line parameters.
It has been shown that Getsinger’s formula [3] for the CPW
short-end inductance gives very good results when com-
pared to results obtained using different quasi-TEM and
full-wave techniques. It has been also found that the same
formula can be used to model CPW short-end with non-
zero metallisation thickness.

It has been found that Mao’s formula [27] for the CPW
open-end capacitance gives very good results for small gap
widths, g= S þ 2Wð Þ � 0:2, while Beilenhoff’s formula [18]
should be used for large gap widths g= S þ 2Wð Þ � 0:2.
Both formulas were compared to results obtained using
different quasi-TEM and full-wave techniques. Both
formulas give very good results as long as a quasi-TEM
mode exists on the CPW. Such a limitation can be
translated as: S= S þ 2Wð Þ � 0:25, and h= S þ 2Wð Þ � 1.

For the CPW gap discontinuity, it has been shown that
the variational expressions from [25] give better results than
Gevorgian’s expressions [39] for most studied cases.

Finally, the short-end coupled CPW discontinuity has
been studied by evaluating the available expressions for the
shunt inductance Lp and comparing them to results from
full-wave analysis. It has been found that (9) is more
accurate than (8). An approximate formula for evaluating
the series inductance Ls has been proposed and shown to
give good results as long as a quasi-TEMmode exists on the
CPW.
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