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ABSTRACT: In this paper, a general and easy procedure for designing the symmetrical

Wilkinson power divider that achieves equal-power split at N arbitrary frequencies is intro-

duced. Each quarter-wave branch in the conventional Wilkinson divider is replaced by N
sections of transmission lines, and the isolation between the output ports is achieved by

using N resistors. The design parameters are the characteristic impedances and lengths of

the N transmission line sections, and the N isolation resistors. The even–odd modes of analy-

sis are used to derive the design equations. Closed-form expressions, which are suitable for

CAD purposes, are derived for the dual-band divider. For N ≥ 3, closed-form expressions

are not available, and therefore, the powerful particle swarm optimization method is used to

obtain the design parameters. Examples of the dual-, triple-, and quad-band dividers are

presented to validate the proposed design procedure, and the results are compared, wher-

ever possible, with published results using other methods. VVC 2007 Wiley Periodicals, Inc.

Int J RF and Microwave CAE 18: 14–20, 2008.
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I. INTRODUCTION

The Wilkinson power divider is one of the most com-

monly used components in wireless communication

systems for power division and/or combination. It has

the properties of equal amplitude and phase outputs

as well as reciprocal operation [1]. Recently, with the

advent of multi-band operation in wireless communi-

cation systems, many papers have been published on

the design of dual-band and triple-band Wilkinson

power dividers [2–7]. In [2], a four-section alternat-

ing-impedance transmission line transformer (TLT)

has been used to build a dual-band divider. Extra

circuit elements, shunt reactance and a fifth transmis-

sion line section, were needed to achieve the dual-

band behavior. Based on the two-section dual-fre-

quency TLT, simpler and smaller dual-band dividers,

for a frequency and its first harmonic, were proposed

in [3] and [4]. In [3], a single isolation resistor, simi-

lar to the conventional Wilkinson divider, was con-

nected between the output ports. An optimum value

for this resistor was chosen, such that the output

return loss and the isolation loss were both minimum

at the design frequencies. In [4], the output ports

were shunted by a parallel connection of a resistor, a

inductor, and a capacitor, which achieved perfect iso-

lation and output return loss at the design frequen-

cies. In [5], the same idea was extended to a dual-

band divider that operates at two arbitrary frequen-

cies f1 and f2. Very recently, while we were working

on the design of simpler dual-band divider, the
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designs of broadband Wilkinson divider and triple-

band divider have been presented in [6] and [7],

respectively. In [6], an optimization procedure based

on the method of least squares has been used to

design broadband multi-section asymmetric Wilkin-

son power divider. In [7], based on a three-section

TLT, a triple-band divider has been designed which

used three isolation resistors.

In this paper, first, a dual-band Wilkinson divider

is designed, which uses a two-section TLT along

with two isolation resistors. Using even–odd mode

analysis, closed-form expressions are derived for the

isolation resistors. It is shown that such a simple con-

figuration achieves perfect match at all ports and per-

fect isolation between the two output ports at the two

design frequencies. Second, a triple-band divider,

similar to that in [7], is designed using the particle

swarm optimization (PSO) method [8]. The PSO

method is chosen to solve the problem, since

recently, we have been interested in the application

of PSO in different electromagnetic and microwave

circuits’ problems [9, 10]. The PSO technique has

been successfully applied to antenna design [8, 9],

and the results proved that this method is powerful

and effective for optimization problems. PSO is simi-

lar in some ways to genetic algorithms, but requires

less computational bookkeeping and generally fewer

lines of code, including the fact that the basic algo-

rithm is very easy to understand and implement. The

interested reader can refer to [8–10], and the refer-

ences therein, for details of the PSO algorithm.

Finally, the idea is extended to design a quad-band

divider using the PSO.

II. DESIGN PROCEDURE

A schematic diagram of the proposed symmetric Wil-

kinson power divider, which realizes equal power

split at N arbitrary frequencies, is shown in Figure 1.

Each quarter-wave branch in the conventional Wil-

kinson divider is replaced by N sections of transmis-

sion lines, with the characteristic impedances of Zi
and physical lengths li, i ¼ 1, 2, . . . , N. The isolation

between the output ports is achieved by using N resis-

tors, as shown in Figure 1. The purpose of the present

analysis is to determine the divider parameters: Zi, li,
and Ri, for i ¼ 1, 2, . . . , N, such that a perfect match,

if possible, at all ports and a perfect isolation between

the output ports is achieved at N frequencies. Since

this divider is symmetric, the even- and odd-mode

analysis will be used to determine the divider param-

eters for the multi-frequency operation.

A. Even-Mode Analysis

The equivalent circuit of the divider in the even mode

is shown in Figure 1b. This circuit can be used to cal-

culate the input impedance at either port, and then

impose the matching condition that the input imped-

ance should equal the port impedance at N frequen-

cies. From this analysis we can find characteristic

impedances Zi and physical lengths li (i ¼ 1, 2, . . . , N)

of the N transmission line sections. It should be noted

that in the even mode the shunt resistors Ris are not

considered in the analysis since their ends are open-

circuited and, therefore, their values do not affect the

calculation of the input impedance at either port. The

input impedance can be easily calculated using stand-

ard transmission line theory. For example, the input

impedance at port 2 can be calculated as follows:

for i ¼ 1 : N; calculate : Zi
in ¼ Zi

Zi�1
in þ jZiTi

Zi þ jZi�1
in Ti

ð1Þ

where Z0
in ¼ 2Z0 and Ti ¼ tan(b li). Then, Zeven

in;2 ¼ ZN
in.

The values of Zi and li are found by enforcing the

condition:

Zeven
in;2 ðfiÞ ¼ Z0 for i ¼ 1 : N ð2Þ

where fi are the frequencies where matching is

desired. It should be noted that when one port is

matched, the other port is automatically matched.

Figure 1. (a) Multi-band Wilkinson power divider. (b)

Even-mode analysis. (c) Odd-mode analysis.
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Once the values of Zi and li are found, they are used

in the odd-mode analysis to calculate the values of

the isolation resistors Ri as follows.

B. Odd-Mode Analysis

The equivalent circuit of the divider in the odd mode

is shown in Figure 1c. The input impedance at port 2

can be calculated as follows:

for i ¼ 1 : N; calculate :

Zi
in ¼ 2

Ri
þ 1

Zi

Zi þ jZi�1
in Ti

Zi�1
in þ jZiTi

� ��1

ð3Þ

where Z0
in ¼ 0. Then, Zodd

in;2 ¼ ZN
in. The values of Ri’s

are found by enforcing the condition:

Zodd
in;2ðfiÞ ¼ Z0 for i ¼ 1 : N ð4Þ

III. RESULTS AND DISCUSSION

A. Dual-Band Divider

For this divider, eqs. (1)–(4) can be solved analyti-

cally for the values of Zi, li, and Ri, i ¼ 1, 2. From the

even-mode analysis, and using the results in [11], we

find

l1 ¼ l2 ¼ p
b1 þ b2

ð5Þ

Z2 ¼ Z0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4a2
þ 2

rs
ð6Þ

Z1 ¼ 2Z2
0

Z2

ð7Þ

where a ¼ (tan(b1l1))2 and b ¼ 2p/k. From the odd-

mode analysis with N ¼ 2, we have

Zodd
in;2ðfiÞ

� ��1

¼ 2

R2

þ
Z2

2
R1
� j

Z1T1

� �
þ jT2

Z2 1þ jZ2T2
2
R1
� j

Z1T1

� �� �
2
4

3
5¼ 1

Z0

ð8Þ

This equation can be split into two equations for

the real part and the imaginary part, and solving

the two equations for the unknown resistors R1

and R2. The mathematical manipulations, although

lengthy, are straight-forward, and yield the follow-

ing results:

AR1þBR2�CR1R2 ¼0 ð9Þ

DR2�ER1R2 ¼F ð10Þ

where A ¼ 2Z2 (1 þ Z2T2/Z1T1), B ¼ 2Z2, C ¼ Z2/

Z0 (1 þ Z2T2/Z1T1), D¼2Z2
2T2=Z0, E ¼ (T2 � Z2/

Z1T1), and F ¼ 2Z0D. Solving (9) and (10) for R1

and R2, we obtain

R1 ¼
ffiffiffiffiffiffi
BF

AE

r
ð11Þ

R2 ¼
F

D�ER1

ð12Þ

Using the earlier analysis, a dual-band divider with

Z0 ¼ 50 X, f1 ¼ 1 GHz, and f2 ¼ 1.8 GHz has

been designed. The design parameters are found to

be as follows: l1 ¼ l2 ¼ k1/5.6, Z1 ¼ 80.7 X, Z2 ¼
62 X, R1 ¼ 102.8 X, and R2 ¼ 222.4 X. Figure 2

shows the scattering parameters for this divider

using ideal transmission line sections. It can be seen

that a perfect match at all ports and a perfect isola-

tion between the output ports are achieved at the

design frequencies. Our results are compared with

those obtained using the dual-band divider proposed

in [5], in which the output ports are connected by a

parallel combination of a resistor, an inductor, and a

capacitor. As expected, S11 and S21 are the same for

both configurations since these parameters depend

on the even-mode equivalent circuit. However, our

proposed divider exhibits a broader bandwidth with

respect to the isolation factor (S23) and output ports

return loss (S22). Moreover, our proposed dual-band

divider needs only two resistors as compared to the

need for a resistor, inductor, and capacitor in the

divider proposed in [5].

B. Triple-Band Divider

Exact analytical design equations for this divider can-

not be derived. One has to use numerical optimiza-

tion to find the required characteristic impedances

and lengths of the transmission line sections [7, 12].

Based on the analysis in [12], approximate design

equations for Zi and li (i ¼ 1, 2, 3) are given in [7].

However, eq. (4) had to be solved numerically at the

three design frequencies to find the values of the iso-

lation resistors Ri’s. Here, without going into any fur-

ther analytical derivation, we directly apply the PSO

16 Dib and Khodier
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technique to find the required lengths, impedances,

and resistors that achieve perfect matching at the

input port, and very good matching and isolation at

the output ports. As noted in [7], a perfect match at

the output ports and perfect isolation cannot be

achieved with such configuration.

First, the PSO is applied to achieve perfect input

matching at the three frequencies using the even-

mode equivalent circuit shown in Figure 1b. This

produces the required lengths of the transmission line

sections and their corresponding impedances. Then,

with the knowledge of these impedances and lengths,

the PSO is used again to obtain the best matching at

the output ports using the odd-mode equivalent cir-

cuit shown in Figure 1c. In both cases, the cost func-

tion that is minimized using the PSO is the sum of

the magnitudes of the reflection coefficients at the

three design frequencies:

Cost ¼
X3

i¼1

Cin;2ðfiÞ
�� �� ð13Þ

where Gin,2 (fi) is the reflection coefficient seen at

port 2 that is calculated using eqs. (1) and (2) for the

even mode, and eqs. (3) and (4) for the odd mode.

Other details concerning the PSO algorithm such as

the governing equations, parameters, and conver-

gence are thoroughly explained in [8, 9]. The number

of particles (or searching agents) used is 25, and the

algorithm is stopped once the value of the cost func-

tion, as evaluated using eq. (13), becomes less than

10�15. The algorithm is run more than once to make

sure that it converges to the same solution each time.

The same PSO parameters are used in obtaining the

results of the quad-band divider.

To validate our approach, we have designed a

Wilkinson power divider similar to the one pre-

sented in [7]. Specifically, the three frequencies are

chosen as f1 ¼ 0.9 GHz, f2 ¼ 1.17 GHz, and f3 ¼
2.43 GHz. Applying the PSO method, as described

earlier, gives the following results: Z1 ¼ 85.24 X, Z2

¼ 70.71 X, Z3 ¼ 58.66 X, l1 ¼ l3 ¼ 0.18087k1, l2 ¼
0.0965k1, R1 ¼ 124.2 X, R2 ¼ 175.3 X, and R3 ¼
242.4 X. These values are very close to those given

in [7]. Figure 3 shows the scattering parameters for

this triple-frequency divider using ideal transmission

line sections. The figure shows that a perfect input

match is achieved at the three frequencies, while

very good (not perfect) matching and isolation at

the output ports are achieved at the three design fre-

quencies.

Figure 2. Scattering parameters for the dual-band Wilkinson divider operating at 1 and 1.8

GHz. [Color figure can be viewed in the online issue, which is available at www.interscience.

wiley.com.]
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Figure 3. Scattering parameters for the triple-band Wilkinson divider operating at 0.9, 1.17, and

2.43 GHz. [Color figure can be viewed in the online issue, which is available at www.interscience.

wiley.com.]

Figure 4. Scattering parameters for the quad-band Wilkinson divider operating at 1, 2, 2.6, and 3.4

GHz. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.

com.]
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C. Quad-Band Divider

Finally, the same idea is extended to design a quad-

band Wilkinson power divider. Again, PSO technique

is directly used to determine all the needed parame-

ters that achieve perfect matching at the input port,

and very good matching and isolation at the output

ports. Figure 4 shows the scattering parameters for a

quad-band divider operating at 1, 2, 2.6, and 3.4

GHz. Using the PSO method, the following design

parameters are found: Z1 ¼ 89.9 X, Z2 ¼ 76.3 X, Z3

¼ 65.5 X, Z4 ¼ 55.6 X, l1 ¼ l4 ¼ 0.10793k1, l2 ¼ l3
¼ 0.1144k1, R1 ¼ 111.2 X, R2 ¼ 232 X, R3 ¼ 308.2

X, and R4 ¼ 536.6 X. It can be seen that indeed a

very good performance is obtained at the four design

frequencies. Moreover, acceptable performance is

shown in a wide frequency range (0.5–4 GHz). To

our knowledge, this is the first time that a quad-band

Wilkinson power divider is designed. It should be

noted that an analytical solution is impossible to

obtain; eventually, one has to resort to optimization if

one chooses to go through a lengthy analytical deri-

vation [7, 12].

IV. CONCLUSIONS

The contributions presented in this article can be

summarized as follows:

a. A new simple configuration for a dual-band

Wilkinson power divider has been proposed

which uses two transmission line sections

along with two isolation resistors. Closed-form

expressions, which are suitable for CAD pur-

poses, for all the needed design parameters

(characteristic impedances, lengths, and resis-

tors) have been derived.

b. The PSO technique, which is drawing much

attention at the present time, has been directly

used to design triple-band Wilkinson divider

by directly searching for the design parame-

ters which minimize the reflection coefficient

in the even-mode and odd-mode equivalent

circuits at the design frequencies simultane-

ously. This approach is different from that

presented in [7], in which an analytical proce-

dure is used along with numerical optimiza-

tion.

c. Finally, to show the versatility of the design

approach, a quad-band divider is designed

using PSO too. Very good performance has

been obtained at the four design frequencies.

At the present time, we are investigating the

addition of reactive components in series or

in parallel with the isolation resistors to get

perfect match and isolation at the output

ports.
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