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Two-dimensional ® nite diŒerence time domain analysis of cylindrical
transmission lines

NIHAD DIB{} and THOMAS WELLER{

Recently, there has been a growing interest in the use of cylindrical transmission
lines in a variety of applications. In this paper, the ® nite di� erence time domain
(FDTD) method is used to calculate the propagation characteristics of cylindrical
transmission lines. An e� cient two-dimensional (2D) FDTD algorithm is
developed by projecting the three-dimensional FDTD cell in the cylindrical
coordinates on to the r-¿ plane. An e� ective absorbing boundary condition is
employed to truncate the mesh at its outer radial boundary. In addition to a
detailed description of the developed 2D-FDTD algorithm, extensive numerical
results are derived for di� erent cylindrical transmission lines and compared with
data available in the literature. Speci® cally, the newly proposed cylindrical
coplanar waveguide is studied both theoretically and experimentally.

1. Introduction

Cylindrical multiconductor transmission lines are of interest for many applica-
tions, in particular for new types of antennas and their feed lines in mobile commu-
nications. The design of passive components on cylindrical substrates is not an easy
task, especially when there is no angular symmetry. Until now, the integral equation
(IE) approach, solved by the method of moments, has been the most commonly used
technique for analysing cylindrical two-dimensional (2D) and three-dimensional
(3D) structures (Alexopoulos and Nakatani 1987, Nakatani 1988, Silva et al.
1992, Wong et al. 1993, Chen and Wong 1995, 1996, Haung and Wong 1995, Lu
and Wong 1995, 1996, Tsia and Wong 1995). Recently, the method of lines has been
used to analyse homogeneously ® lled cylindrical waveguides as well as shielded
transmission lines on cylindrical substrates (Chen et al. 1993, Xiao et al. 1996).

The objective of this paper is to present an e� cient and memory saving ® nite
di� erence time domain (FDTD) algorithm for modelling arbitrary, open cylindrical
transmission lines. Since its invention by Yee (1966), the FDTD technique has been
widely used as an e� cient tool for analysing microwave systems (Kunz and Luebbers
1993, Ta¯ ove 1995). This technique follows a straightforward formulation and can
model the electromagnetic ® elds in an arbitrary geometry over a broad frequency
range.

Unlike some other works on cylindrical geometries, no symmetry in the ¿-direc-
tion is assumed here, making the developed algorithm suitable for analysing struc-
tures that are more complex than those investigated in Chen et al. (1996). Also, a
treatment similar to the one given herein was presented in Zheng and Chen (1992),
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and Kitamura et al. (1994). However, a closed structure was assumed in Zheng and
Chen (1992), while our analysis can accurately model open structures due to the use
of an absorbing boundary condition to truncate the FDTD mesh. Moreover, the
problem of the singularity of the ® elds at the origin, which results if the ordinary
FDTD equations are directly used to update the ® eld components at the origin, was
not handled in Zheng and Chen (1992) and Kitamura et al. (1994). In our analysis,
this ® eld singularity is handled by discretizing the integral form of one of Maxwell’s
equations. Lastly, the discretized equations were not written in Zheng and Chen
(1992) and Kitamura et al. (1994) in a form suitable for direct implementation on
the computer. It is worth mentioning that, just recently, a similar algorithm has been
presented in Shen et al. (1999) with a non-uniform grid and an anisotropic perfectly
matched layer (APML) for mesh truncation in the radial direction. In our analysis, a
uniform grid is used, and an easily implemented e� ective dispersive absorbing
boundary condition (DABC) is used at the outer radial boundary.

In this paper, several examples are included and the numerical results are com-
pared to those published in the literature, where available, and to measurements.
Speci® cally, the newly proposed cylindrical coplanar waveguide (CCPW) (Su and
Wong 1996 a,b) is studied both theoretically and experimentally. The steps taken to
build and measure such structures are also outlined.

2. Theoretical formulation

2.1. Assumption of longitudinal variation

Figure 1 shows the general cross section of a multi-layered, multi-conductor open
cylindrical transmission line to be analysed. Starting from Maxwell’s equations, in a
source-f ree, lossless region, the electric ® eld intensity

-
E and magnetic ® eld intensity

-
H are related as:
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Since our concern is to analyse uniform cylindrical transmission lines, all the ® eld
components have a longitudinal variation of the form e¡j z, where  is the phase
constant in the z-direction of the propagating modes. Thus, the ® eld components can
be written as
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Figure 1. The generic cross section of a multi-layered, multi-conductor cylindrical
transmission line.



Hr…r;¿;z;t† ˆ Hr…r;¿;t†e¡j z …3†
H¿…r;¿;z;t† ˆ H¿…r;¿;t†e¡j z …4†
Hz…r;¿;z;t† ˆ jHz…r;¿; t† e¡j z …5†
Er…r;¿;z;t† ˆ jEr…r;¿; t† e¡j z …6†
E¿…r;¿;z;t† ˆ jE¿…r;¿;t†e¡j z …7†
Ez…r;¿;z;t† ˆ Ez…r;¿;t†e¡j z …8†

Substituting the above transformations in (1) and (2), the following 2D equations
are obtained
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It should be noted that the j̀’ was included in (5)± (7) so that equations (9)± (14)
become real, i.e. not complex (Zheng and Chen 1992, Xiao and Vahldieck 1993).
Such a choice should save computer memory and execution time.

2.2. The 2D di� erence lattice

It should be clear now that the 3D problem of a cylindrical transmission line has
been reduced to a 2D one. This, in e� ect, reduces the 3D ® nite di� erence mesh to an
equivalent 2D one. Figure 2 shows the conventional 3D-FDTD lattice in cylindrical
coordinates, and its equivalent 2D cell obtained by compressing the 3D cell in the
z-direction. It can be noticed that, in the 2D cell, each of the pairs (Er, H¿ ) and
(E¿, Hr) share the same location, while Ez is located at the four corners of the
cell and Hz is at the centre of the cell.

2.3. FDTD equations

Discretizing the six equations (9)± (14) according to the 2D cell, the following
di� erence equations are obtained
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(a)

(b)

Figure 2. (a) A typical 3D-FDTD cell in cylindrical coordinate system; (b) its 2D-FDTD
equivalent.
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In the above, i goes from 1 to Nr and j goes from 1 to N¿, where Nr and N¿ are the
number of cells in the radial r-direction and ¿-direction, respectively.

The procedure to get the dispersion curve of any cylindrical transmission line is
as follows.

(i) The phase constant  is assigned a value, and an initial ® eld distribution (at
t ˆ 0) within the 2D mesh is assumed. Usually, if one knows the approx-
imate ® eld distribution, then an initial condition which resembles this dis-
tribution can be enforced. Otherwise, impulse functions at several nodes may
be assumed.

(ii) Equations (15)± (20) are used to update the ® eld components within the
mesh. As time progresses, the ® elds evolve to the steady state, which char-
acterizes the mode (or modes) that have a phase constant equal to the pre-
assigned  . Usually, 5000± 10 000 time steps are needed depending on the
assumed initial ® eld distribution.

(iii) The frequency (or frequencies) corresponding to this  can be obtained by
locating the peaks in the spectrum of one of the ® eld components. This
spectrum is computed by taking the discrete Fourier transform (DFT) of
the product of the time series of this ® eld component and a window time
function (Blackman± Harris window) (Chen et al. 1996). The ® rst peak in the
spectrum corresponds to the dominant mode, while the other peaks repre-
sent the higher order modes.

For numerical stability of the di� erence equations, the following condition
should be imposed on the time step 4t (Zheng and Chen 1992, Cangellaris 1993,
Chen and Fusco 1994)

c4t µ 1������������������������������������������������������������������
…1=4r†2 ‡ …2=4r4¿†2 ‡ … =2†2

q …21†

where c is the velocity of light in free space.

2.4. Singularities at the origin

Figure 3 shows a portion of the 2D-FDTD lattice where it can be seen that the
® eld components E¿, Ez and Hr lie at the origin r ˆ 0. If equations (15) and (20) are
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directly used to compute Hr and Ez at the origin, respectively, then a singularity will
exist. Such a singularity must be removed since the ® elds there should be ® nite in
both the time and frequency domains.

It can be noticed from (16) and (17) that only Ez and E¿ at the origin are needed
to update the adjacent H¿ and Hz ® elds. Hence, Hr at the origin is not needed.
Moreover, to compute Hz…1 ; j† using (17), E¿…0 ; j† at the origin is multiplied by a
factor …i ¡ 1† which is essentially zero since i ˆ 1. Thus, E¿ at the origin is also not
needed. Finally, only Ez at the origin r ˆ 0 is needed to update all the other relevant
® elds.

To determine Ez, the following integral form of Maxwell’s equation in time
domain is used

‡

C
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H ¢ d` ˆ °

…

S

@
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E
@t

¢ ds …22†

where C is a closed contour around the origin and S is the surface area bounded by
this contour. Using the closest closed path around the origin, i.e. the one at a
distance of …4r=2† from the origin, as our contour C, the following FDTD equation
for Ez at r ˆ 0 can be obtained

En‡1
z …0 ; j† ˆ En

z…0 ; j†‡ 44t
°N¿4r

XN¿

kˆ1

H
n‡1

2
¿ …1 ;k† …23†

where ° is the permittivity of the medium just around the origin. Note that Ez at the
origin for all j is the same. Once Ez at the origin is known, the rest of the ® eld
components can be computed using (15)± (20).
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Figure 3. Portion of the 2D-FDTD mesh around the origin.



2.5. Absorbing boundary condition

To be able to analyse open structures and to account for radiation, a suitable
absorbing boundary condition (ABC) needs to be used to truncate the mesh at its
outer radial boundary. In this paper, the following dispersive boundary condition
(DBC) is used (Chen and Fusco 1994)
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2R
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where Etang is the tangential electric ® eld component at the outer radial boundary
r ˆ R, v1 and v2 are two di� erent wave velocities, and ¬1 and ¬2 are arbitrary scalar
constants. In our analysis, we set v1 ˆ v2 ˆ c, where c is the speed of light in free
space. This is due to the fact that in all of the structures considered here, free-space is
surrounding the structure, and, thus, all the waves will be hitting the boundary at the
same velocity.

The ® nite di� erence equivalent of the above ABC, with v1 ˆ v2 ˆ c and
¬1 ˆ ¬2 ˆ 0, can be written as (Chen and Fusco 1994)

En
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where

C1 ˆ 4c 4t r…m ¡ 1† ¡ 4 4r r…m ¡ 1† ¡ c4r4t‰ Š=D

C2 ˆ 4c 4t r…m ¡ 1†‡ 4 4r r…m ¡ 1† ¡ c4r4t‰ Š=D

C3 ˆ 4c 4t r…m† ¡ 4 4r r…m†‡ c4r4t‰ Š=D

D ˆ 4c 4t r…m†‡ 4 4r r…m†‡ c4t 4r

…26†

Here, En
m is the tangential electric ® eld components, i.e. E¿ and Ez, at the outer radial

boundary r ˆ r…m† ˆ Nr4r. The e� ectiveness of the above ABC, as compared with
using a perfectly electric conductor (PEC) for truncation, will be demonstrated in the
results section.

2.6. E� ective dielectric constant and characteristic impedance

Once the frequency, fr , corresponding to the pre-assigned  , is obtained, the
e� ective dielectric constant can be evaluated as

°eff ˆ … =k0†2 …27†

where k0 ˆ !r
���������
·0°0

p
. Moreover, the characteristic impedance at fr can be obtained

using the expression

Z0 ˆ …¡j†
‰DFTfv…t†gŠf ˆfr

‰DFTfi…t†gŠf ˆfr

e¡j!r4t=2 …28†

where
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In the above equation, C1 is a line contour from the signal line to the ground, C2 is a
closed contour around the signal line, and W …t† is the window time function. It
should be noted that the DFT needs to be evaluated only at fr .

The inclusion of the term e¡j!r4t=2 in (28) is to eliminate the numerical error
caused by the time o� set (4t=2) between the current and the voltage (Fang and
Xeu 1995). Unlike the 3D-FDTD calculation of Z0 (Fang and Xeu 1995), there is no
numerical error here associated with the space o� set since both

-
E and

-
H are eval-

uated at the same location with respect to the longitudinal direction z. However, the
above expression for Z0 does not eliminate the numerical errors resulting from the
poor resolution of ® eld singularity at metallic edges (Mezzanotte et al. 1995, Dib et
al. 1995). This error can be reduced by incorporating the ® eld singularity behaviour
into the FDTD formulation (Beilenho� and Heinrich 1993). An alternative
approach is to observe that the error in the impedance is almost linearly proportional
to the space step size and extrapolate accordingly (Mezzanotte et al. 1995, Dib et al.
1995). In this paper, the second approach is used as will be explained in the results
section.

As a last note, the metal strips are assumed to be of zero thickness and are dealt
with by setting the tangential electric ® eld components that lie on the strip to zero at
all time steps. In addition, at an interface between two di� erent dielectrics, the
average value of the two di� erent relative dielectric constants is used to update E¿

and Ez in (19) and (20).

3. Results and discussion

In order to test the developed cylindrical 2D-FDTD algorithm, a variety of
structures have been investigated and the results were compared with those obtained
using other numerical methods and measurements. As a ® rst check, the coaxial line
and circular waveguide were analysed, and the obtained results agreed very well with
the analytical solutions. Moreover, the dielectric rod ® bre was analysed and the
FDTD results for the dominant mode and higher order modes were in excellent
agreement with those obtained from the numerical solution of the analytically
derived eigenvalue equation (Collin 1991).

Figure 4 shows the propagation constant and characteristic impedance of a
cylindrical microstrip line as compared with results obtained using the integral equa-
tion (IE) approach (Alexopoulos and Nakatani 1987, Nakatani 1988). It can be seen
that the FDTD results for the phase constant  agree to within 1% with those
derived using the IE approach. It should be mentioned here that the FDTD mesh
extends from the ground conductor to the outer ABC since there are no ® elds in the
region enclosed by the ground conductor. This in e� ect reduces the mesh size and
relaxes the stability condition, which in turn reduces the memory size and CPU time.
In this case, the stability condition becomes
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(a)

(b)

(c)

Figure 4. Characteristics of a cylindrical microstrip line. a=b ˆ 0:9, °r ˆ 9:6, h ˆ b ¡ a.



c4t µ 1��������������������������������������������������������������
…1=4r†2 ‡ …1=a4¿†2 ‡ … =2†2

q …31†

which clearly gives a time step 4t larger than that obtained from (21).
As explained in the previous section, the expression used to calculate Z0 does not

eliminate the numerical errors resulting from the loss of ® eld singularity at the edges
of metal strips in the FDTD formulation. Note that such an error does not exist in
the IE technique since suitable basis functions, which satisfy the edge condition, can
be used when expanding the current on the strip. In Mezzanotte et al. (1995), using
an equidistant FDTD mesh in cartesian coordinates, it has been found that this error
is linearly proportional to the space step size. Thus, as suggested in Dib et al. (1995),
two computations of the impedance with two di� erent space steps can be performed,
and then a fairly accurate value of the impedance can be extrapolated. Clearly, in the
cylindrical FDTD, it is the step size in the ¿ direction that will mostly a� ect the value
of the impedance. It is found that reducing 4r from 0:25 mm to 0:1 mm for the above
microstrip lines, with substrate thickness of 1 mm, has a negligible e� ect on the
impedance (of the order of 0:5-1 « only). In ® gure 4(b), two curves for the values
of the impedance obtained using 4¿ ˆ 0:05 rad and 4¿ ˆ 0:025 rad are shown for
each microstrip line. For the case of W =h ˆ 1, the results obtained with
4¿ ˆ 0:025 rad are within 3 « of Nakatani’s (1988) results. Extrapolating the two
curves, corresponding to W =h ˆ 1, gives values of the impedance which are within
1 « of Nakatani’s (1988) IE results as shown in the same ® gure. For the case of
W =h ˆ 2, the results obtained with 4¿ ˆ 0:025 rad, 4¿ ˆ 0:05 rad, and the extra-
polated data are all within 3 « from Nakatani’s (1988) results. The above shows that
this procedure of extrapolating the impedance based on two computations per-
formed using two di� erent step increments yields a fairly accurate value of the
impedance. Hence, one does not have to resort to a rather ® ne grid to compute
the impedance using FDTD, thus reducing memory and computational require-
ments.

As a second example, ® gure 5 shows the propagation constant and characteristic
impedance for the even and odd modes of a coupled microstrip line on a cylindrical
substrate, as compared with results obtained using the IE approach (Nakatani 1988).
Again, the agreement is very good which shows the e� ectiveness of the developed
algorithm. The impedance shown in ® gure 5(b) is obtained by extrapolating the
results from two simulations using 4¿ ˆ 0:025 rad and 4¿ ˆ 0:05 rad, both with
4r ˆ 0:1 mm for a substrate thickness of 1 mm. The values obtained are within just
1 « from Nakatani’ s results. It should be mentioned that the even mode character-
istics are obtained by enforcing an initial condition which has even symmetry, i.e.
setting Er underneath the two strips to be of the same value and direction. On the
other hand, the odd mode characteristics are obtained by enforcing an initial con-
dition which possesses an odd symmetry. It is also worth noting that, for the above
microstrip and coupled microstrip lines, the ABC is located at a distance of four
times the substrate thickness from the strips.

One of the main objectives of this research is to study the newly proposed
cylindrical coplanar waveguide (CCPW) (Su and Wong 1996 a,b). Figure 6 shows
the e� ective dielectric constant of a CCPW evaluated using the FDTD and com-
pared to results obtained using the IE approach (Su and Wong 1996b). The di� er-
ence is less than 1% in the whole frequency range. It can be seen that the variation of
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(a)

(b)

(c)

Figure 5. Even and odd modes characteristics of a cylindrical coupled microstrip line.
a=b ˆ 0:9, °r ˆ 9:6, W =h ˆ 1, S=h ˆ 1, h ˆ b ¡ a.



°eff , for the coplanar mode, with frequency is somewhat greater for a larger substrate
thickness. It has been also shown in Su and Wong (1996 b) that the curvature e� ect
on °eff is greater for a smaller substrate thickness.

It is well known that the coplanar waveguide (CPW) can support another mode,
known as the coupled slotline mode, for which the ® elds in the slots are in the same
direction. This mode has been investigated for the CCPW and its dispersion char-
acteristics are included in ® gure 6 along with the coplanar mode results. As expected,
it can be observed that the coupled slotline mode in the CCPW structure exhibits a
cuto� frequency since the CPW ground planes are connected together. This cuto�
frequency depends on the radius b of the CCPW, with smaller b leading to a higher
cuto� frequency. This is similar to the fact that the coupled slotline mode excited in a
conventional CPW which is shielded by a rectangular cavity exhibits a cuto� fre-
quency which depends on the width of the cavity. In ® gure 6, the ratio a=b is kept
constant for two di� erent substrate thicknesses which results in having two CCPWs
with di� erent diameters. Speci® cally, the CCPW with h ˆ 1:524 mm (b ˆ 5:1 mm)

1076 N. Dib and T. W eller

(a)

(b)

Figure 6. E� ective dielectric constant for the CPW mode and the coupled slotline mode of a
CCPW for two di� erent substrate thicknesses. a=b ˆ 0:7, °r ˆ 3, S ˆ 4 mm,
W ˆ 1:5 mm, h ˆ b ¡ a.



has a ground width which is almost three times that of the CCPW with h ˆ 0:762 mm
(b ˆ 2:5 mm). This resulted in a cuto� frequency for the coupled slotline mode of the
CCPW with h ˆ 0:762 mm to be almost three times that of the CCPW with
h ˆ 1:524mm. Thus, the CCPW with h ˆ 0:762 mm can be used up to 17 GHz with-
out the need to use bond-wires since the coupled-slotline mode will be below cuto� .
Such a property is attractive when building CPW asymmetric structures.

To show the e� ectiveness of the ABC used herein, ® gure 7 shows the derived
frequency, corresponding to  ˆ 250 rad s¡1, as a function of the distance from the
absorber to the surface of the CCPW. Also shown is the derived frequency if the
ABC is replaced by a PEC. It can be seen that with the ABC being at a distance of
only one substrate thickness from the CPW, an acceptable result is obtained.
However, the PEC has to be at a distance of ® ve times the substrate thickness in
order to simulate an open structure.

Figure 8 shows the characteristic impedance for the same CCPWs analysed in
® gure 6. The quasi-static impedance of a planar conventional CPW obtained using
conformal mapping technique (Sainati 1996) for the same S and W are, 87 « and
93:4 « for h ˆ 1:524 mm and h ˆ 0:762 mm, respectively. In ® gure 8, the values of
the impedance are obtained by extrapolating those obtained using 4¿ ˆ 0:0375 rad
and 4¿ ˆ 0:075 rad, which are less than 2 « di� erent from each other in the whole
frequency range. It is interesting to note that the impedance starts to decrease for
frequencies above 15 GHz for the case of h ˆ 1:524 mm. The reason behind such an
anomalous behaviour is the excitation of a waveguide-like mode in the partially ® lled
circular waveguide. It is found that the cuto� frequency of the ® rst mode that can be
excited in a partially ® lled circular waveguide with the same dimensions is approxi-
mately 14:6 GHz. Thus, for the case of h ˆ 1:524 mm shown in ® gure 8, the impe-
dance values for frequencies larger than 15 GHz do not carry any signi® cance, i.e.
they do not signify the actual CCPW characteristic impedance. On the other hand,
the cuto� frequency for a partially ® lled circular waveguide with the same dimen-
sions as those for the case h ˆ 0:762 mm lies outside the shown frequency range. The
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Figure 7. This ® gure shows the e� ectiveness of the used ABC to truncate the mesh as
compared to using a PEC for truncation. hABC is the distance from the CPW surface
to the ABC. Dimensions are the same as those in the previous ® gure with
h ˆ 1:524mm, and  ˆ 250 rad s¡1.



above shows that one should be careful when designing CCPWs so that no wave-
guide modes are excited in the frequency range of interest.

Several cylindrical CPW lines and discontinuities have been fabricated and mea-
sured. In order to achieve geometries with a small radius of curvature, circuit geo-
metries were patterened on 5 mm thick copper-clad Te¯ on substrate using
photolithographic techniques. The thin substrate is mounted to a ¯ at support, and
FeCl etchant is then used to generate the patterns. Using an elevated etch tempera-
ture and the proper geometrical compensation, dimensional accuracy of §10-20 mm
can be achieved with this technique. After etching, the substrate is transferred to a
Te¯ on rod or tube of the desired dimensions. SMA-type connectors are then
mounted to the ends of the rod, and connected to the transmission line by soldering.

Figure 9 shows the e� ective dielectric constant and characteristic impedance for a
CCPW fabricated on Te¯ on substrate. The measured data are obtained using a TRL
calibration in conjunction with NIST calibration software (Marks 1991). The di� er-
ences between the measured and calculated results are within the range of the mea-
surement uncertainty, except in the frequency band around 9 GHz; the errors in the
measured data here are traceable to limitations in the calibration standards. The
discrepancy could be also related to the possible excitation of a circular waveguide
mode. The cuto� frequency for the ® rst mode in a circular waveguide completely
® lled with Te¯ on is around 9:71 GHz. This explains the decrease in Z0 seen in ® gure
9 around 9:5 GHz. The theoretical values of the impedance are obtained by extra-
polating the FDTD results obtained using N¿ ˆ 100 and N¿ ˆ 200 which are within
4 « from each other in the whole frequency range.

4. Conclusions

An e� cient two-dimensional ® nite di� erence time domain (2D-FDTD) algo-
rithm in cylindrical coordinates, which is suitable for analysing cylindrical transmis-
sion lines, has been developed. An absorbing boundary condition has been used to
truncate the mesh at its outer radial boundary. Several representative cylindrical
structures have been investigated and the algorithm has been validated by comparing
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Figure 8. Characteristic impedance of the CCPW. a=b ˆ 0:7, °r ˆ 3, S ˆ 4 mm,
W ˆ 1:5 mm, h ˆ b ¡ a.



its results to published numerical data and experimental results. Speci® cally, the
cylindrical coplanar waveguide has been studied and measured. This line has the
potential to be used in applications such as antennas, sensors and wireless commu-
nications.
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