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Quasi-static analysis of asymmetric cylindrical coplanar waveguides
with ® nite-extent ground

NIHAD DIB*{ and ASEM AL-ZOUBI{

Quasi-static characteristics of asymmetric cylindrical coplanar waveguides
(CCPWs) with ® nite-extent ground are analysed using the conformal mapping
technique. Closed-form expressions for the e� ective permittivity and charac-
teristic impedance of inside and outside asymmetric CCPWs with ® nite ground
are derived. Using these expressions, the e� ect of various parameters on the
characteristics of CCPWs is studied.

1. Introduction

Recently, a cylindrical coplanar waveguide (CCPW) has been proposed with
the potential to be used in applications such as antennas, sensors and wireless
communications (Su and Wong 1996a,b). So far, the dispersion characteristics of
the symmetric CCPW with connected ground planes (i.e., the ground completely
wraps around the substrate) have been analysed using the integral equation
technique (Su and Wong 1996a,b), the ® nite di� erence time domain (FDTD)
technique (Dib et al. 1997), and the conformal mapping method (Su and Wong
1997).

The objective of this paper is to study the quasi-static characteristics of asym-
metric CCPWs with ® nite-extent ground planes. The CCPW can be printed on either
the inner or the outer side of the substrate, as shown in ® gure 1. The study of this line
is important since it allows one to calculate the actual characteristics of a CCPW
normally designed to be symmetric but which, due to the fabrication process, could
be asymmetric. Another di� erence between the ideal CCPW and this line is that the
ground has a ® nite width. In truncating the ground width, metallization is saved, the
impedance of the line becomes higher and the line-to-line coupling increases (Ghione
and Naldi 1987). Although the results obtained are valid only for quasi-static
transverse electromagnetic analysis (at zero frequency), the conformal mapping
technique yields meaningful results in the frequency range wherein microwave
integrated circuits usually operate, at least for some particular structures which
are not frequency sensitive (Ghione and Naldi 1987).

In this study the quasi-static conformal mapping method is used to derive closed-
form expressions for the e� ective permittivity and characteristic impedance of
the asymmetric CCPW. The sequence of conformal mappings needed to transform
the asymmetric CCPW with ® nite ground into a plane-parallel capacitor is
presented.
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2. Theory

Figure 2(a) shows the CCPWstructure (printed on the outer side of the substrate)
to be transformed. First, the original structure is transformed into a planar CPW
(® gure 2(b)) using the transformation

z ˆ ¡j ln
b
r¡¢‡¿ …1†

In this analysis, it is assumed that the overall capacitance per unit length of the
structure is equal to the sum of the line capacitance in the absence of the dielectric,
and the line capacitance on the assumption that all the electric ® eld is concentrated in
the dielectric whose relative permittivity is "r1 ¡1 (Vyeres and Hanna 1980).

To ® nd the free space capacitance, ® gure 2(b) (in the absence of the dielectric) is
transformed into the u-plane (® gure 3(a)) through the mapping

u ˆ
z

‰…¿2
3 ¡z2†…¿2

4 ¡z2†Š1=4 …2†
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Figure 1. Asymmetric CCPW with ® nite ground, (a) printed outside the substrate and
(b) printed inside the substrate.



Then it is transformed into a symmetric structure (® gure 3(b)) using the mapping
analytic function (Hanna and Thebault 1981)

x ˆ
u1…1 ‡¬u†

u ‡¬u2
1

…3†

The value of ¬ can be found from the condition of symmetry

x1 ˆ x2 ˆ
1
k1

…4†

which gives

¬ ˆ …u2u3 ¡u2
1† ‰…u2

1 ¡u2
2†…u2

1 ¡u2
3†Š1=2

u2
1…u2 ¡u3† …5†
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Figure 2. (a) Original structure; (b) transformed planar structure.



It should be noted that

u1 ˆ
¿0

‰…¿2
3 ¡¿2

0†…¿2
4 ¡¿2

0†Š1=4 …6†

u2 ˆ
¿1

‰…¿2
3 ¡¿2

1†…¿2
4 ¡¿2

1†Š1=4 …7†

u3 ˆ
¿2

‰…¿2
3 ¡¿2

2†…¿2
4 ¡¿2

2†Š1=4 …8†

From (4), the value of k1 is given by

1
k1

ˆ
u1…1 ‡¬u2†

u2 ‡¬u2
1

…9†

The upper half plane of ® gure 3(b) can then be transformed into the interior of a free
space rectangle in the w-plane (® gure 3(c)) using the transformation (Ghione and
Naldi 1987)

w ˆ …x

x0

dx

‰…x2 ¡1†…k2
1x2 ¡1†Š1=2 …10†
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Figure 3. Conformal mapping steps for the free space capacitance of an outside CCPW.



Finally, the free space capacitance per unit length of the structure (considering the
two halves of ® gure 3(b)) is

Ca ˆ 4"0
K…k1†
K…k 0

1† …11†
where

k 0
1 ˆ …1 ¡k2

1†1=2 …12†
and K is the complete elliptic integral of the ® rst kind.

Now, on the assumption that all the electric ® eld is concentrated in the dielectric
region of ® gure 2(b) whose relative permittivity is "r1 ¡1, an expression for the
capacitance of the dielectric layer will be derived. First, the right half of the dielectric
layer in ® gure 2(b) is transformed into the shaded region shown in ® gure 4(a)
through the mapping

y ˆ cosh2 ºz
2 ln…b=a† ˆ cosh2…2Bbz† …13†

where

B ˆ
º

4b ln…b=a† …14†
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Figure 4. Conformal mapping steps for the right half of the dielectric layer …Re …z† > 0† for
an outside CCPW.



Then, it is transformed into the upper v-half-plane shown in ® gure 4(b) through the
mapping

v ˆ
y2 ¡1
y ¡1¡¢1=2 y3 ¡y

y3 ¡y2¡¢1=2

…15†

The value of k2 is

k2 ˆ
y1 ¡1
y2 ¡1¡¢1=2 y3 ¡y2

y3 ¡y1¡¢1=2

ˆ
sinh2Bb¿0

sinh2Bb¿1

1 ¡sinh2 2Bb¿1= sinh2 2Bb¿3

1 ¡sinh2 2Bb¿0= sinh2 2Bb¿3… †1=2

…16†

and

k 0
2 ˆ …1 ¡k2

2†1=2 …17†
Figure 4(b) can be transformed into a parallel-plate capacitor ® lled with a dielectric
of relative permittivity "r1 ¡1 shown in ® gure 4(c), using the transformation

w ˆ …v

v0

dv

‰…v2 ¡1†…k2
2v

2 ¡1†Š1=2 …18†

Finally, the capacitance for the right half of the dielectric layer in ® gure 2(b) is given
by

Cs1 ˆ "0…"r1 ¡1†
K…k2†
K…k 0

2† …19†

To ® nd the capacitance of the left half of the dielectric layer in ® gure 2(b), we
follow the same mapping functions used for the right half. So, the capacitance of the
left half of the dielectric layer is

Cs2 ˆ "0…"r1 ¡1†
K…k3†
K…k 0

3† …20†

with

k3 ˆ
sinh2Bb¿0

sinh2Bb¿2

1 ¡sinh2 2Bb¿2= sinh2 2Bb¿4

1 ¡sinh2 2Bb¿0= sinh2 2Bb¿4… †1=2

…21†

and

k 0
3 ˆ …1 ¡k2

3†1=2 …22†
From equations (11), (19) and (20), one can obtain the overall capacitance of the
original structure (® gure 2(a)) to be

C ˆ Ca ‡Cs1 ‡Cs2 ˆ 4"0
K…k1†
K…k 0

1†‡"0…"r1 ¡1†
K…k2†
K…k 0

2†‡
K…k3†
K…k 0

3† …23†
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The e� ective relative permittivity can be de® ned as

"ef f ˆ
Ca ‡Cs1 ‡Cs2

Ca
ˆ 1 ‡

Cs1 ‡Cs2

Ca

ˆ 1 ‡
"r1 ¡1

4
K…k 0

1†
K…k1†

K…k2†
K…k2†‡

K…k3†
K…k 0

3† …24†

The characteristic impedance can be obtained from

Z0 ˆ
"1=2

ef f

Cv0
…25†

where v0 is the speed of light in air.
Using equations (23), (24) and (25), one obtains

Z0 ˆ
30º

"1=2
ef f

K…k 0
1†

K…k1† …26†

Expressions for the inside asymmetric CCPW with ® nite ground (shown in ® gure
1(b)) can also be derived using the same mapping procedure. Expressions (24) and
(26) can be used directly with the interchange of à’ and b̀’ only.

2.1. Special case
Referring to ® gure 2, letting w1=w2 ˆ 1 (i.e., ¿1 ˆ ¿2) and ¿3 ˆ ¿4 ˆ º, one gets

the original CCPW analysed in Su and Wong (1997). The relative e� ective permit-
tivity and characteristic impedance for this case are the same as in (24) and (26) with

k1 ˆ
¿0
¿1

1 ¡…¿1=º†2

1 ¡…¿0=º†2… †1=2

…27†

and k2 ˆ k3, both given by (16). This results in expressions similar to those found in
Su and Wong (1997).

3. Results

In this section, some results for the asymmetric CCPW with ® nite ground will be
given. Three di� erent cases are considered for both inside and outside CCPW.

3.1. Case 1
The e� ective relative permittivity and characteristic impedance as a function of

s1=d (d ˆ s1 ‡w1 ‡w2) for di� erent values of R (R ˆ a=b) for both an outside and an
insideconventionalCCPWareshownin ® gure5. It canbeseenthat, withdecreasingR,
the e� ective relativepermittivity increases for the outside CCPWanddecreases for the
inside CCPW. The same results were obtained in Su and Wong (1997). However, the
changes in the characteristic impedance are very small for both cases.

3.2. Case 2
We let R ˆ 0:9 and ¿3 ˆ ¿4 ˆ º. To see the e� ect of slot asymmetry, the e� ective

relative permittivity and characteristic impedance are calculated for di� erent values
of A (A ˆ w1=w2). The results for an outside CCPWare shown in ® gures 6(a) and (b)
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(a)

(b)

Figure 5. E� ective relative permittivity for an (a) outside and (c) inside CCPW, and char-
acteristic impedance for a (b) outside and (d) inside CCPW, for di� erent values of R.
A ˆ w1=w2 ˆ 1, ¿3 ˆ ¿4 ˆ º, h ˆ b ¡a ˆ 1:524mm, d ˆ 4h, and "r1 ˆ 3.
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(c)

(d)
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(a)

(b)

Figure 6. E� ective relative permittivity for an (a) outside and (c) inside CCPW, and char-
acteristic impedance for a (b) outside and (d) inside CCPW, for di� erent values of
A ˆ w1=w2. R ˆ 0:9, ¿3 ˆ ¿4 ˆ º, h ˆ 1:524mm, d ˆ 4h, and "r1 ˆ 3.
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(c)

(d)
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(a)

(b)

Figure 7. E� ective relative permittivity for an (a) outside and (c) inside CCPW, and char-
acteristic impedance for a (b) outside and (d) inside CCPW, for di� erent values of
¿3 ˆ ¿4 (in radians). R ˆ 0:9, A ˆ w1=w2 ˆ 1, h ˆ 1:524mm, d ˆ 4h, and "r1 ˆ 3:
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(c)

(d)



and, for an inside CCPW, in ® gures 6(c) and (d). It is observed that as the value A
approaches unity, the e� ective relative permittivity decreases and the characteristic
impedance increases for both cases. It can be seen from ® gures 6(b) and (d) that the
characteristic impedance is almost the same for both the outside and inside CCPW,
since the value of R is large (R ˆ 0:9).

3.3. Case 3
We let R ˆ 0:9, A ˆ 1. To see the e� ect of the ® nite-extent ground on the e� ec-

tive relative permittivity and characteristic impedance, we calculate them for di� er-
ent values of ¿3 and ¿4. The results for an outside CCPW are shown in ® gures 7(a)
and (b), and for an inside CCPW in ® gures 7(c) and (d). It can be observed that, as
the ground width decreases, the e� ective relative permittivity increases and the char-
acteristic impedance also increases for both cases. It has been found that the e� ect of
the ground planes on the e� ective relative permittivity is very small (less than 1%)
for values of ¿3 greater than 3:5¿1, and the e� ect on the characteristic impedance is
also small (within 5 di� erence) for ¿3 greater than 2¿1.

4. Conclusions

Closed-form expressions for the e� ective relative permittivity and characteristic
impedance for both inside and outside asymmetric CCPWs with ® nite-extent ground
planes have been obtained using conformal mapping techniques. Numerical results
are calculated for three di� erent cases of inside and outside CCPWs. It is seen that
the e� ective relative permittivity is dependent on the curvature factor R of the
CCPW, and that the characteristic impedance is almost insensitive to R.
Moreover, the e� ective relative permittivity and characteristic impedance are depen-
dent on the asymmetry factor A. The e� ect of the ground planes on the e� ective
relative permittivity is very small (about 1%) as long as the value of ¿3 is 3:5¿1, and
the e� ect on the characteristic impedance is also small (around 5 ) as long as ¿3 is
2¿1. It should be noted that the expressions derived here can also be used to obtain
the quasi-static characteristics of the cylindrical coplanar stripline.
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