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the derivative of the total charge with respect to the depletion layer
width equals
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the junction capacitance equals

Cj =
dQ

dVj
=

dQ=dW

dVj=dW
=

AqN(W )

W
q

"
N(W )

=
"A

W
: (A9)

Using (A2), (A3), (A5), (A9), andVj = �� Vdc gives an implicit
relation between the junction capacitance, doping profile, and diode
bias

Vdc = ��
q

"

"A

Cj

"A=C

0

N(x) dx�
"A=C

0

x

0

N(t) dt dx :

(A10)

ACKNOWLEDGMENT

The authors acknowledge the assistance of Dr. M. D. Zadeh,
RAL, U.K., who provided MMIC Schottky diodes from the GMMT
F20 process under the Eurochip Program. The authors also thank
Dr. G. A. Armstrong for valuable discussions concerning trap mod-
eling. The NLTL MMIC was fabricated under the Europractice
Program.

REFERENCES

[1] C. J. Madden, R. A. Marsland, M. J. W. Rodwell, D. M. Bloom, and
Y. C. Pao, “Hyperabrupt-doped GaAs nonlinear transmission-line for
picosecond shock-wave generation,”Appl. Phys. Lett.,vol. 54, no. 11,
pp. 1019–1021, 1989.

[2] D. W. van der Weide, “Delta-doped Schottky diode nonlinear transmis-
sion lines for 480-fs, 3.5-V transients,”Appl. Phys. Lett.,vol. 65, no.
7, pp. 881–883, Aug. 1994.

[3] M. Rodwell, M. Kamegawa, Y. Ruai, M. Case, E. Carman, and
K. Giboney, “GaAs nonlinear transmission lines for picosecond pulse
generation and millimeter-wave sampling,”IEEE Trans. Microwave
Theory Tech.,vol. 39, pp. 1194–1204, July 1991.

[4] P. Heymann, H. Prinzler, T. Langer, and R. Doerner, “Modeling of
Schottky varactors for NLTL applications,” inProc. European Mi-
crowave Conf.,Bologna, Italy, Sept. 1995, pp. 1146–1149.

[5] Y. Ruai, M. Kamegawa, M. Case, M. Rodwell, and J. Franklin, “A
2.3-ps time-domain reflectometer for millimeter-wave network analy-
sis,” IEEE Microwave Guided Wave Lett.,vol. 1, pp. 334–336, Nov.
1991.

[6] Y. Ruai, J. Pusl, K. Yoshiyuki, M. Case, K. Masayuki, M. Kamegawa,
and M. Rodwell, “A time-domain millimeter-wave network analyzer,”
IEEE Microwave Guided Wave Lett.,vol. 2, pp. 319–321, Aug. 1992.

[7] S. M. Sze, Physics of Semiconductors Devices.New York: Wiley,
1969, pp. 370–372, 430.

[8] R. L. Burden and J. D. Faires,Numerical Analysis. Boston, MA: PWS,
1985, pp. 153–155.

[9] C. D. Kourkoutas, B. Kovacs, P. C. Euthymiou, B. Szentpali,
K. Somogyi, and G. E. Giakoumakis, “Study of the profile of the
E3 electron trap in GaAs,”Solid State Commun.,vol. 89, no. 1, pp.
45–49, Jan. 1994.

[10] T. Wosinski, “Evidence for two energy levels associated with EL2 trap
in GaAs,” Appl. Phys. A, Solids Surfs.,vol. 36, no. 4, pp. 213–216, Apr.
1985.

[11] C. M. Snowden and R. E. Miles,Compound Semiconductor Device
Modeling. Berlin, Germany: Springer-Verlag, 1993, pp. 33–41.

[12] D. Salameh and D. Linton, “New topology of the GaAs nonlinear
transmission line (NLTL) using microstrip line technology,” inIEEE
MTT-S Symp. Dig.,vol. 2, San Francisco, CA, June 1996, pp. 823–826.

[13] J. G. Leckey, J. A. C. Stewart, and A. D. Patterson, “Analysis of HEMT
harmonic generation using a vector nonlinear measurement system,” in
IEEE MTT-S Symp. Dig.,vol. 3, June 1996, pp. 1739–1742.

Analysis of Cylindrical Transmission Lines with
the Finite-Difference Time-Domain Method

Nihad Dib, Thomas Weller, Max Scardelletti, and Michael Imparato

Abstract—In this paper, the finite-difference time-domain (FDTD)
method is used to calculate the propagation characteristics of cylindri-
cal transmission lines. An efficient two-dimensional FDTD algorithm is
developed by projecting the three-dimensional FDTD cell in the cylin-
drical coordinates onto ther–� plane. An effective absorbing boundary
condition is employed to truncate the mesh at its outer radial boundary.
Numerical results are derived for different cylindrical transmission lines
and compared to data available in the literature. Specifically, the newly
proposed cylindrical coplanar waveguide is studied both theoretically and
experimentally.

Index Terms—Circular waveguides, coplanar waveguides, FDTD meth-
ods.

I. INTRODUCTION

Cylindrical multiconductor transmission lines are of interest for
many applications, in particular for new types of antennas and
their feed lines in mobile communications. However, the analysis
of passive components on cylindrical substrates is not an easy task,
especially when there is no angular symmetry. Until now, the integral-
equation (IE) approach, solved by the method of moments, has
been the most commonly used technique to analyze cylindrical two-
dimensional (2-D) and three-dimensional (3-D) structures [1]–[3].

The objective of this paper is to present an efficient and memory
saving finite-difference time-domain (FDTD) algorithm for modeling
arbitrary open cylindrical transmission lines. Unlike some other works
on cylindrical geometries, e.g., [4], no symmetry in the�-direction
is assumed here. Furthermore, while the present analysis is similar
to that described by Zheng [5], the latter was restricted to closed
structures. In this paper, open structures are accurately modeled by
using an absorbing boundary condition to truncate the FDTD mesh.
Moreover, the problem of the singularity of the fields at the origin,
which results if the ordinary FDTD equations are used directly, was
not addressed in [5]. In our analysis, this singularity is handled by
discretizing the integral form of one of Maxwell’s equations.

In this paper, the FDTD algorithm is summarized and several
examples are given to validate the approach. The numerical re-
sults are compared to other published results (where available) and
to experimental data. Specifically, the newly proposed cylindrical
coplanar waveguide (CCPW) [6] is studied both theoretically and
experimentally. The steps taken to build and measure such structures
are also outlined.

II. THEORETICAL FORMULATION

The objective here is to develop an algorithm which can be used
to analyze a multiconductor multilayer open cylindrical transmission
line. As a first step, Maxwell’s equations are expanded in cylindrical
coordinates, leading to six equations which relate the six components
of E and H. Since our concern is to analyze uniform cylindrical
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transmission lines, all the field components have a longitudinal
variation of the forme�j�z , where� is the phase constant in the
z-direction of the propagating modes [7].

Using the known longitudinal variation, the 3-D problem of a
cylindrical transmission line is reduced to a 2-D one. This similarly
reduces the 3-D finite-difference mesh to an equivalent 2-D mesh;
the conventional 3-D FDTD lattice in cylindrical coordinates and its
equivalent 2-D cell obtained by compressing the 3-D cell in thez-
direction are shown in Fig. 1. By discretizing the aforementioned
six equations according to the 2-D cell, the following difference
equations are obtained:
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In the above,i goes from 1 toNr andj goes from 1 toN�, where
Nr andN� are the number of cells in the radialr- and�-directions,
respectively.

The above equations are used to update the field components
within the mesh. As time progresses, the fields evolve to the steady
state, which characterizes the mode (or modes) that have a phase
constant equal to the preassigned phase constant�. The number of
time steps needed to reach the steady state depends on the assumed
initial field distribution within the mesh. Finally, the frequency (or
frequencies) corresponding to this� can be obtained by locating
the peaks in the spectrum of one of the field components. Once

(a)

(b)

Fig. 1. A typical 3-D FDTD cell in cylindrical coordinate system and its
2-D FDTD equivalent.

this frequency is obtained, the effective dielectric constant and
characteristic impedance can be evaluated [10].

For numerical stability of the difference equations, the following
condition should be imposed on the time step�t [8], [9]:
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wherec is the velocity of light in free space.
It should be noted that a singularity will exist if (6) is used to

evaluateEz at the origin. In order to avoid this singularity, the
following equation is utilized to updateEz at r = 0:
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where � is the permittivity of the medium just around the origin.
This equation is obtained by discretizing the integral form of one of
Maxwell’s equations in the time domain [4].

To be able to analyze open structures and to account for radiation,
the dispersive absorbing boundary condition described in [8] is used
to truncate the mesh at its outer radial boundary.

III. RESULTS AND DISCUSSION

In order to test the developed cylindrical 2-D FDTD algorithm,
a variety of structures have been investigated and the results were
compared with those obtained using other numerical methods and
measurements. As a first check, the coaxial line, circular waveguide,
and dielectric rod fiber were analyzed, and the obtained results
agreed very well with the analytical solutions. Moreover, very good
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(a)

(b)

Fig. 2. Effective dielectric constant for the CPW mode and the coupled
slotline mode of a cylindrical CPW for two different substrate thicknesses.
a=b = 0:7, �r = 3, S = 4 mm, W = 1:5 mm, h = b � a.

agreement with IE results has been obtained for the cylindrical
microstrip line and coupled microstrip line [1].

One of the main objectives of this research is to study the newly
proposed CCPW [6]. In Fig. 2, the effective dielectric constant of a
CCPW evaluated using the FDTD algorithm is compared to results
obtained using the IE approach [6]; the difference is less than 1%
in the whole frequency range. It can be seen that the variation of
�e� with frequency for the coplanar mode increases with increasing
substrate thickness. It has also been shown in [6] that the curvature
effect on�e� is greater for a smaller substrate thickness.

It is well known that CPW can support a second mode, known
as the coupled slotline mode, for which the fields in the slots are in
the same direction. This mode has been investigated for the CCPW,
and its dispersion characteristics are included in Fig. 2 along with
the coplanar mode results. As expected, the coupled slotline mode
in the CCPW structure exhibits a cutoff frequency since the ground
planes are connected together. This cutoff frequency depends on the
radius b of the CCPW, with smallerb leading to a higher cutoff
frequency. This is similar to a conventional CPW that is shielded
by a rectangular cavity, in which case the cutoff frequency for the
slotline mode depends on the width of the cavity. In Fig. 2, the ratio
a=b is kept constant for two different substrate thicknesses, resulting
in two CCPW’s with different diameters. Specifically, the CCPW
with h = 1:524 mm (b = 5:1 mm, line 1) has a ground width
which is almost three times that of the CCPW withh = 0:762
mm (b = 2:5 mm, line 2). This resulted in a cutoff frequency
for the coupled slotline mode of line 2 that is almost three times
that of line 1. Thus, line 2 can be used up to 17 GHz without
the need to use bond wires since the coupled-slotline mode will be
below cutoff. Such a property is attractive when building asymmetric
CCPW structures.

Fig. 3. Characteristic impedance of CCPW.a=b = 0:7, �r = 3, S = 4

mm, W = 1:5 mm, h = b � a.

The characteristic impedance for the CCPW’s analyzed in Fig. 2
is given in Fig. 3. The quasi-static impedance of a planar CPW
obtained using a conformal mapping technique for the sameS
and W are 87 and 93.4
 for h = 1:524 mm andh = 0:762
mm, respectively. It should be noted that the expression used to
calculateZ0 does not eliminate the numerical errors resulting from
the loss of field singularity at the edges of metal strips in the FDTD
formulation [10]–[12]. This error can be reduced by incorporating
the field singularity behavior into the FDTD formulation [13]. In
[12], using an equidistant FDTD mesh in Cartesian coordinates, it
has been found that this error is linearly proportional to the space
step size. Thus, as suggested by Fang [11], two computations of
the impedance with two different space steps can be performed, and
then a fairly accurate value of the impedance can be extrapolated.
Clearly, in the cylindrical FDTD, it is the step size in the�-direction
that will mostly affect the value of the impedance. In Fig. 3, the
values of the impedance are obtained by extrapolating those obtained
using �� = 0:0375 rad and�� = 0:075 rad, which are less
than 2
 different from each other in the whole frequency range.
It is interesting to note that the impedance starts to decrease for
frequencies above 15 GHz for the case ofh = 1:524 mm. The reason
behind such an anomalous behavior is the excitation of a waveguide-
like mode in the partially filled circular waveguide. It is found that
the cutoff frequency of the first mode that can be excited in a partially
filled circular waveguide with the same dimensions is approximately
14:6 GHz. Thus, for the case ofh = 1:524 mm, shown in Fig. 3, the
impedance values for frequencies larger than 15 GHz do not carry any
significance, i.e., they do not signify the actual CCPW characteristic
impedance. On the other hand, the cutoff frequency for a partially
filled circular waveguide with the same dimensions as those for the
caseh = 0:762 mm lies outside the shown frequency range. The
above shows that one should be careful when designing CCPW’s
so that no waveguide modes are excited in the frequency range of
interest.

Several cylindrical CPW lines and discontinuities have been fab-
ricated and measured to further validate the FDTD code. In order
to achieve geometries with a small radius of curvature, the circuits
were patterned on 5-mil-thick copper-clad Teflon substrate using
photolithographic techniques. The thin substrate is mounted to a flat
support, and an FeCl etchant is then used to generate the patterns.
Using an elevated etch temperature and the proper geometrical
compensation, dimensional accuracy of�10–20�m can be achieved
with this technique. After etching, the substrate is transferred to a
Teflon rod or tube of the desired dimensions. SMA-type connectors
are then mounted to the ends of the rod, and connected to the
transmission line by soldering. In the future, it is anticipated that
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(a)

(b)

Fig. 4. Measured and FDTD results for the CCPW.S = 2 mm,
W = 0:4 mm, �r = 2:01, a = 0, b = 6:35 mm.

thin-film deposition techniques can be utilized by substituting a thin
Mylar film for the Teflon board.

The effective dielectric constant and characteristic impedance
for a CCPW fabricated on Teflon substrate are shown in Fig. 4.
The measured data are obtained using a thru-reflection line (TRL)
calibration in conjunction with NIST calibration software [14]. The
differences in the measured and calculated results are within the range
of the measurement uncertainty, except in the frequency band around
9 GHz; the errors in the measured data here are traceable to limitations
in the calibration standards. The discrepancy could also be related
to the possible excitation of a circular waveguide mode. The cutoff
frequency for the first mode in a circular waveguide completely filled
with Teflon is around 9.71 GHz, which can explain the decrease in
Z0, seen in Fig. 4, to around 9.5 GHz. The theoretical values of the
impedance are obtained by extrapolating the FDTD results obtained
usingN� = 100 andN� = 200, which are within 4
 from each
other in the whole frequency range. Typically, 5000–7000 iterations
(time steps) were used to achieve convergence of the numerical
results.

IV. SUMMARY

An efficient 2-D FDTD algorithm in cylindrical coordinates, which
is suitable to analyze cylindrical transmission lines, has been devel-
oped. An absorbing boundary condition has been used to truncate the
mesh at its outer radial boundary. Several representative cylindrical
structures have been investigated and the algorithm has been validated
by comparing its results to published numerical data and experimental
results. Specifically, the CCPW has been studied and measured. This

line has the potential to be used in applications such as antennas,
sensors, and wireless communications.
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