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Dispersion Analysis of Multilayer Cylindrical
Transmission Lines Containing
Magnetized Ferrite Substrates
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Abstract—Recently, there has been a growing interest in using
cylindrical transmission lines that contain magnetized ferrite ma-
terial in a variety of applications. In this paper, the finite-difference
time-domain (FDTD) method (in cylindrical coordinates) and the
spectral-domain analysis (SDA) are used to calculate the propaga-
tion characteristics of cylindrical transmission lines that contain
magnetized ferrite material. The magnetization can be either in the
longitudinal or azimuthal directions. Specifically, the cylindrical
microstrip line, and the cylindrical coplanar waveguide printed
on magnetized ferrite substrate are analyzed. Both the FDTD and
SDA results are in very good agreement. In addition, the results
are compared to those of planar structures by taking the radius of
the substrate to be large enough such that the curvature effect is
negligible.

Index Terms—Circular waveguide, coplanar waveguide, FDTD
methods, ferrite loaded waveguides, microstrip, spectral-domain
analysis.

I. INTRODUCTION

T HERE IS A growing interest in antennas that are printed
on cylindrical substrates. These antennas may find appli-

cations in aircraft, missiles, and wireless communications due
to their features of conformability, light weight, small size, and
the geometrical compatibility to the vehicle they are mounted
on. The use of ferrite substrates also adds more flexibility to the
design of cylindrical antennas due to the effect of the applied dc
magnetic field on the performance of the antenna.

Ferrite materials are widely used in microwave applications,
such as isolators, circulators, and phase shifters. Recently, there
has been an increasing interest in studying cylindrical structures
(circular waveguide and cylindrical microstrip antennas) con-
taining magnetized ferrite media [1]–[6]. Specifically, the ef-
fects of anisotropy of ferrite coating on the radiation character-
istics of cylindrical structures excited by elementary electric or
magnetic dipoles have been investigated in [1]–[3]. The main
advantage of a ferrite substrate is that the electrical parameters
can be controlled by an externally applied magnetic field.

Recently, the finite-difference time-domain (FDTD) tech-
nique has been extended to study the dispersion characteristics
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of cylindrical transmission lines containing isotropic multilay-
ered dielectrics [7], [10]. In this paper, the FDTD technique,
in cylindrical coordinates, is extended to study the disper-
sion characteristics of cylindrical lines that might contain
magnetized ferrite media. The magnetization could be in the
longitudinal or azimuthal directions. The extension of the
rectangular FDTD to the analysis of structures with ferrite
material has been the subject of many papers in the literature
[11]–[22]. In this paper, the extension of the cylindrical FDTD
parallels the extended rectangular FDTD algorithm proposed
in [11].

Moreover, based on the spectral-domain technique, a simple
and general method for solving general two-dimensional (2-D)
cylindrical transmission lines that are composed of a mixture
of iso/anisotropic substrates is presented. The spectral-domain
method is used to analyze cylindrical transmission lines with
longitudinally magnetized ferrite substrates and the results are
compared to those obtained using the FDTD technique.

Specifically, both the cylindrical microstrip line, and the
cylindrical coplanar waveguide (CCPW) with ferrite substrate
are analyzed. To our knowledge, such cylindrical lines on
magnetized ferrite substrate have not been studied before in
the literature. Several examples are included and the numerical
results are compared to those of planar structures.

II. THEORETICAL FORMULATION

A. FDTD Method

The structure under consideration is a multilayered cylin-
drical transmission line which may include ferrite media. The
ferrite media could be axially or azimuthally magnetized by an
external magnetic field. It is assumed that the ferrite is lossless
and is in the saturation magnetization status. One starts by dis-
cretizing Maxwell’s equations in cylindrical coordinates

(1)

(2)

Assuming propagating wave reduces the three–dimen-
sional (3-D) finite-difference mesh to an equivalent 2-D one [7].
Fig. 1 shows the equivalent 2-D cell obtained by compressing
the 3-D cell in the direction. The components of the magnetic
flux density are at the same positions of those of the magnetic
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Fig. 1. Typical 2-D FDTD cell in cylindrical coordinate system.

field intensity . Discretizing (1) according to the 2-D cell gives
the following three difference equations for , , and :

(3)

(4)

(5)

In the above, goes from 1 to and goes from 1 to , where
and are the number of cells in the radialdirection and

direction, respectively.
For a ferrite region, the constitutive relation betweenand
can be written as

(6)

where is the magnetization vector which is related to
through the equation of motion

(7)

where s T is the gyromagnetic ratio.
1) Azimuthal Magnetization:Assuming that the ferrite is bi-

ased in the direction, and using the small-signal approxima-
tion, (7) reduces to

(8)

(9)

(10)

where is the internal dc bias field and is the saturation
magnetization.

Discretizing the above equations, and using (6) to relate
and , one obtains three difference equations for, and

. For example, (8) is written first as

(11)

In the above equation, proper time synchronization is main-
tained as explained in [11]. Thus, extrapolation is used to com-
pute and as follows:

(12)

(13)

Using this approximation and (6), the following relation is
obtained for updating :

(14)

Similarly, the following equations are obtained for and
:

(15)

(16)

It should be noted that settingto zero in the above equations
reduces to the constitutive relations in a nonmagnetic isotropic
medium.

Moreover, to insure space synchronization, interpolation is
used to compute and in (14), and and in (15)
[11].

Thus, the algorithm proceeds as follows: first, compute
from (3)–(5); second, compute from (14)–(16); and finally
compute using the difference equations resulting from dis-
cretizing (2) [7]. To solve the above difference equations, a value
for has to be selected first as an input parameter. Then, the
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peaks in the frequency spectrum are located to determine the
eigenvalues of the dominant and higher order modes [7]. One
can also consult [7] regarding the stability condition, the ab-
sorbing boundary condition used to truncate the mesh in the ra-
dial direction, the removal of the singularity at the origin of the
mesh ( ), and the method used to find the characteristic
impedance.

2) Longitudinal Magnetization:Assuming that the ferrite is
biased in the longitudinal () direction, and using a procedure
similar to the above, one obtains the following equations for
updating the magnetic field components:

(17)

(18)

(19)

To insure space synchronization, interpolation is used to com-
pute and in (17), and and in (18) [11].

B. Spectral-Domain Analysis (SDA): Longitudinal
Magnetization

The first step is to derive the fields inside the ferrite substrate
that is magnetized by an axial (directed) dc magnetic field. In
this region, the components of and are related by [23]

(20)

(21)

(22)

Assuming field variation along the transmission line,
and after some lengthy manipulation [23], the following two
coupled differential equations are obtained:

(23)

(24)

where , , ,
, , and .

To decouple the above two equations, the following substitu-
tions are made:

(25)

(26)

where , , , and are unknown constants. This results in
the following two decoupled wave equations:

(27)

(28)

where and are the roots of the quadratic equation

(29)

and , , , and
.

The equations in (27) and (28) are then converted to the spec-
tral domain by assuming field dependence, whereis an
integer. The resultant field expressions in the spectral domain
are expressed in terms of Bessel and Neuman functions and then
substituted in (25) and (26) to yield the axial field components

and . The transverse field components can be obtained
using the expressions in [23].

Applying the boundary conditions results in two sets of equa-
tions whose unknowns are the constants in the field expressions.
These equations are given by

(30)

Rearranging the above matrix equations gives

(31)

The above equation can be expressed as

(32)

(33)

where , , , and are the impedance Green’s
functions.
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Fig. 2. Cylindrical microstrip line on a ferrite substrate.

Fig. 3. Phase constant of a cylindrical microstrip line on an azimuthally
magnetized ferrite substrate. Ground conductor radius= 3.5 mm, ferrite
thickness= 0.5 mm, strip width= 1 mm, � = 13, H = 300 Oe, and
4�M = 1780 G.

Expanding the currents and in terms of appropriate
basis functions that satisfy the edge conditions on the strips re-
sults in a matrix equation. The determinant of this equation is
equated to zero to find the unknown.

The above method is versatile in the sense that by simply
changing the basis functions for the currents on the strips, other
structures such as CPW and CPS can be analyzed.

III. RESULTS AND DISCUSSION

In order to test the developed cylindrical 2-D FDTD algo-
rithm, a variety of structures have been investigated and the re-
sults were compared with those obtained using other numerical
methods. As a first check, the coaxial line and circular wave-
guide completely filled with longitudinally or azimuthally mag-
netized ferrite media were analyzed, and the obtained results
were within 1% difference from the analytical solutions reported
in [4], [5].

A. Cylindrical Microstrip Line

First, a cylindrical microstrip line (Fig. 2), with an az-
imuthally magnetized ferrite substrate, is considered. The
radius of the cylindrical ground of the microstrip line has been
taken to be large enough such that the curvature effect on the
microstrip characteristics is negligible. This is done to be able
to compare our results to those of planar microstrip line printed
on a transversely magnetized ferrite substrate. Fig. 3 shows
the normalized phase constant (for the forward wave) obtained

Fig. 4. �=k and Z of a cylindrical microstrip line on a composite
dielectric-ferrite substrate. The ferrite is azimuthally magnetized. Ground
conductor radius= 2.54 mm, dielectric thickness= 0.254 mm, ferrite thickness
= 0.254 mm, strip width= 1.016 mm,� = 12:9, � = 12:6,H = 0:1M ,
and� M = 0:275 T .

Fig. 5. Phase constant of a cylindrical microstrip line on a longitudinally
magnetized ferrite substrate. Ground conductor radius= 3 mm, ferrite thickness
= 1 mm, strip width= 1 mm,� = 10,H = 0, and4�M = 1800G.

using FDTD compared to those reported in [8] for planar mi-
crostrip line. It can be seen that the agreement is very good with
a maximum difference of 3.5% around 3 GHz, which validates
the developed FDTD code for azimuthal magnetization. The
difference around 3 GHz could be due to numerical errors in
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Fig. 6. Effect of the ground conductor radius (a) on the phase constant of a
cylindrical microstrip line on a longitudinally magnetized ferrite substrate. SDA
results are shown. Ferrite thickness= 1 mm, strip width= 1 mm,� = 10,
H = 0, and4�M = 1800 G.

Fig. 7. Effect ofH (in A/m) on the phase constant of a cylindrical microstrip
line on a longitudinally magnetized ferrite substrate. SDA results are shown.
Ground conductor radius= 3 mm, ferrite thickness= 1 mm, strip width=
1 mm,� = 10, and4�M = 1800 G.

the FDTD analysis and/or the moment method technique used
in [8] around the cutoff frequency.

As a second example, Fig. 4 shows the dispersion character-
istics (for both forward and reverse waves) of a cylindrical mi-
crostrip line printed on a composite dielectric-ferrite substrate.
In this structure, a dielectric layer of specific thickness is in-
serted between the ground and the azimuthally magnetized fer-
rite layer. Results for the planar structure are taken from [9].
The phase constants obtained using the FDTD are within 2%
difference from those reported in [9] for a planar structure. This
is due to the fact that the ground conductor radius is relatively
large such that the curvature effect is very small. In addition, the
characteristic impedance of the same structure obtained using
the FDTD is within only 1 from those reported in [9].

Fig. 5 shows the normalized phase constant for a cylindrical
microstrip line printed on longitudinally magnetized ferrite ob-
tained using the FDTD and spectral-domain techniques. The
agreement is very good between the two methods which val-
idates both of them. Fig. 6 shows the curvature effect on the
phase constant by changing the radius of the ground conductor.

Fig. 8. Normalized phase constant of a cylindrical microstrip line on a
longitudinally magnetized ferrite substrate with a dielectric superstrate. Ground
conductor radius= 3 mm, ferrite thickness= 1 mm, strip width= 1 mm,
dielectric coating thickness= 0.5 mm,� = 10, � = 10, H = 0, and
4�M = 1800 G.

Fig. 9. Multilayered CCPW on a ferrite substrate. Ground conductor radius=

1.9 mm, free-space layer thickness= 0.127 mm, ferrite thickness= 0.5 mm,
slot width= center conductor width= 0.25 mm, dielectric superstrate thickness
= 0.127 mm,� = 13, � = 2:22,H = 1100 Oe, and4�M = 1780 G.

It can be seen that this effect is very small on the phase con-
stant at low frequencies. Fig. 7 shows the effect of the applied
bias magnetic field on the phase constant. It can be seen that
the effect of increasing the magnitude of in the longitudinal
direction is more pronounced at lower frequencies, as expected
[24].

To show the versatility of the developed FDTD and SD
analyses, Fig. 8 shows the normalized phase constant for the
structure shown in Fig. 2 with a dielectric coating (superstrate)
covering the microstrip line. The dielectric coating has a thick-
ness of 0.5 mm and . The agreement is very good which
shows the versatility and validity of the developed analyses.

B. CCPW

Fig. 9 shows a multilayer CCPW structure that is analyzed
here. Such a structure is considered so that we can compare our
results to those of the shielded planar CPW structure shown in
Fig. 10 which has been analyzed in [24] using the finite-element
method. Table I shows the results for azimuthal magnetization
obtained using the FDTD technique as compared to those pre-
sented in [24] for transverse magnetization. The positive phase
constant refers to the forward wave, while the negative phase
constant refers to the reverse wave since the phase constant ex-
hibits nonreciprocity when is applied in the azimuthal direc-
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Fig. 10. Multilayered shielded planar CPW on a ferrite substrate with a
dielectric superstrate analyzed in [24]. Waveguide width= waveguide height
= 3.556 mm, bottom air layer thickness= 0.127 mm, top air layer thickness
= 2.8 mm, ferrite thickness= 0.5 mm, slot width= center conductor width=
0.25 mm, dielectric superstrate thickness= 0.127 mm,� = 13, � = 2:22,
H = 1100 Oe, and4�M = 1780 G.

TABLE I
FDTD RESULTS FOR THECCPW STRUCTURE SHOWN IN

FIG. 9 WITH AZIMUTHAL MAGNETIZATION

TABLE II
FDTD RESULTS FOR THECCPW STRUCTURE SHOWN IN

FIG. 9 WITH LONGITUDINAL MAGNETIZATION

TABLE III
SDA RESULTS FOR THECCPW STRUCTURE SHOWN IN

FIG. 9 WITH LONGITUDINAL MAGNETIZATION

tion. Tables II and III show the results for longitudinal magneti-
zation for the same structure. In this case, the transmission line
becomes reciprocal. The agreement of our results to those pub-
lished in [24] (for both magnetization directions) is very good
keeping in mind that a cylindrical structure is considered here as
compared to a planar one in [24]. This shows again the validity
and versatility of the developed FDTD and SDA algorithms. It
should be mentioned that the same FDTD code that was used
to analyze the cylindrical microstrip line is used here. One has
only to specify the dielectric and ferrite layers and their thick-
nesses, besides specifying the metallization.

IV. CONCLUSIONS

Efficient 2-D FDTD and spectral-domain algorithms in
cylindrical coordinates, which are suitable to analyze cylin-
drical transmission lines printed on magnetized ferrite, have
been developed. Several representative cylindrical structures

have been investigated and the results have been validated by
comparing them to published numerical data. Specifically, the
cylindrical microstrip line, and the CCPW have been studied.
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